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We study the translational invariance of the relative-locality framework proposed in arXiv: 1 101 .093 1 which 
had been previously established only for the case of a single interaction. We provide an explicit example of 
boundary conditions at endpoints of worldlines, which indeed ensures the desired translational invariance for 
processes involving several interactions, even when some of the interactions are causally connected (particle 
exchange). We illustrate the properties of the associated relativistic description of distant observers within the 
example of a K-Poincare-inspired momentum-space geometry, with de Sitter metric and parallel transport gov- 
erned by a non-metric and torsionful connection. We find that in such a theory simultaneously-emitted massless 
particles do not reach simultaneously a distant detector, as expected in light of the findings of arXiv:1103.5626] 
on the implications of non-metric connections. We also show that the theory admits a free-particle limit, where 
the relative-locality results of arXiv: 1 102.4637 are reproduced. We establish that the torsion of the K-Poincare 
connection introduces a small (but observably-large) dependence of the time of detection, for simultaneously- 
emitted particles, on some properties of the interactions producing the particles at the source. 
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I. INTRODUCTION AND SUMMARY 

The relative-locality framework of Refs. ||Tl|2l is centered on the possibility of a non-trivial geometry for momentum space, and 
links to those geometric properties some effects of relativity of spacetime locality, such that events established to be coincident 
by nearby observers are not described as coincident in the coordinatization of spacetime by distant observers. Interestingly, just 
like the relativity of simultaneity implies that there is no observer-independent projection from spacetime to separately space and 
time, relative locality implies that there is no observer-independent projection from a one-particle phase space to a description 
of the particle separately in spacetime and in momentum space. Besides its intrinsic interest from the point of view of relativity 
research, this relative-locality framework appears to be also relevant lH] |2l for the understanding of several issues which have 
emerged in the recent quantum-gravity literature. Indeed several approaches to the study of the quantum-gravity problem have 
led to speculations about nonlinearities in momentum space that may admit geometric description (see, e.g., Refs. L3;-8| and 
references therein), and some related studies had hinted at possibly striking impUcations of such nonlinearities for the fate of 
locality at the Planck scale HHIll- 

Evidently a pivotal role for the success (or failure) of this relative-locality proposal will be played by investigations of the 
relativistic description of distant observers, which is the main focus of the study we are here reporting. This is in itself an aspect 
of relative locality which is rather intriguing from a conceptual perspective. In previous evolutions of our relativistic theories 
the most subtle issues always concerned boost transformations, and therefore the relativistic description of pairs of observers 
with a relative boost. Translational invariance, and therefore the relativistic description of distant observers, always admitted 
an elementary and fully intuitive description. This is particularly clear when looking at the transition from Galilean relativity, 
and its description of relative rest, to special relativity, with Einstein's description of relative simultaneity and rest: grasping 
the physical content of special relativity proved challenging because of properties of special-relativistic boosts, which force us 
to abandon a "common sense understanding". But special relativistic translations are no less trivial than Galilean translations. 
This is because the special-relativistic notion of relative simultaneity is already fully characterized when focusing on pairs of 
observers connected by a pure boost transformation. But the relative-locality notion that an interaction established to be local 
by nearby observers may be described as nonlocal by distant observers evidently implies a crucial role for the identification of a 
corresponding formalization of translational symmetries, and we must therefore expect that ensuring a relativistic description of 
distant observers should be one of the main challenges for the formalization of relative locality. 

A crucial step toward the understanding of these issues here of interest, concerning the interplay between relative locality and 
translation symmetries, is already found in Refs. |[T||2|. For example, according to Ref. [l], one could describe the process in 
Figure [T] which is the idealized case with 3 particles of energy-momenta k^,, p^„ ^^ all incoming, on the basis of the following 
action: 
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Figure 1 . We show here a simple example of process for which the observations reported in Ref. (T] suffice for establishing translational 
invariance (with relative locahty). Specifically the graph intends to describe the idealized case of a process with 3 particles of energy-momenta 
kfi, Pfj, qp, all incoming. Here and elsewhere in this manuscript we describe pictorially some processes using a graphical scheme which is 
mainly of evocative valence. The lines in the graph are not intended as representatives of worldlines of particles or other fine aspects of the 
evolution of variables in terms of the affine parameter. They should rather be looked at, going from left to right, as a schematic portrait of 
the discrete steps in the redistribution of momentum among particles, changing at every subsequent interaction (but the case in this figure is 
a single-interaction process). A similar graphical characterization of processes is often adopted for quantum-field-theory Feynman diagrams 
(but our entire analysis is confined to the context of classical particles). 



As we shall here discuss in greater detail in SectionM the bulk part of 5*™'"'^'* ends up characterizing |[T1 the propagation of 
the 3 particles, with the Lagrange multiplier fVJ (and similarly 9{p and 9\(^) enforcing the on-shell relation C[k] = D^{k) — n?, 
with D^ (k) in turn derived from the metric on momentum space as the distance of k/j from the origin of momentum space. And 



the form of the boundary term ^^!?;^(.5o) is such that [ 1 1 the Lagrange multipliers ^^ enforce the condition %i{sq) = 0, so that by 
taking for O^^ a suitable composition of the momenta ^^„ p^, q^, the boundary terms enforces a law of conservation of momentum 
at the interaction. The form of the law of composition of momenta used for the conservation law 5;^(io) = is governed by the 
affine connection on momentum space 1 1 1, and may involve nonlinear terms which are ultimately responsible for the relativity of 
spacetime locality. This is indeed seen by studying the invariance of the action s"^"'"'''" under translations of the coordinates of 
worldline points x^{s), y^{s), z^{s), which each observer introduces as variables that are canonically conjugate to the coordinates 
on momentum space k^{s), P/j{s), q/j{s). 

The observations used in Ref [IJ in the derivations that established the presence of this translational invariance appeared to 
rely crucially on some simplifications afforded only by the case of a single-interaction process. As here stressed in Section [V] 
for a single interaction several alternative choices of boundary terms enforcing the same conservation law are consistent with 
the presence of relativistic translation symmetries within the relative-locality framework of Ref. [1 1. However, the demands of 
translational invariance become much more constraining when 2 or more interactions are causally connected, i.e. when a particle 



outgoing from one interaction is incoming into another interaction. In Section VII we provide an explicit example of formulation 
of the boundary terms which ensures translational invariance when several causally-linked interactions are analyzed. And the 
logical structure of our proposal is easily described: translation transformations are generated by the total-momentum charge 
(obtained from individual particle momenta via the connection-induced composition law) and the boundary terms are written 
as differences between the total momentum before the interaction and after the interaction (so that the associated constraints 
automatically ensure conservation of the total momentum). 

Before getting to that main part of our analysis it will be useful to do some preparatory work. In the next section we motivate 
our focus on results that are obtained only at leading order in the deformation scale, by observing that, if indeed the deformation 
scale is roughly given by the Planck scale, the experimental sensitivities foreseeable at least for the near future will not afford 
us investigations going much beyond the leading-order structure of the geometry of momentum space. And we also show that 
working at leading order not only simplifies matters in the way that is commonly encountered in physics, by shortening some 
computations, but in this case also provides some qualitative simplifications, including most notably the fact that at leading order 
the momentum-composition laws of the relative-locality framework are automatically associative. 

Then in Sections [III] and |IV] we characterize the specific example of relative-locality momentum space on which we shall 
test our proposal for relativistic translational symmetries. This is based on results obtained in the K-Minkowski/K-Poincare 
framework, where indeed evidence of a deformed on-shell relation and of a nonlinear law of composition of momenta has been 
discussed for more than a decade, but without appreciating the implications for how distant observers would characterize events 
that are found to be coincident by nearby observers. We find that this K-Poincare-inspired momentum space has de Sitter metric 
and parallel transport governed by a non-metric and torsionful connection. 

Equipped with these preliminary observations we then discuss, in SectionlVJ the challenges that must be dealt with in seeking a 
translationally-invariant description of chains of causally connected interactions within the relative-locality framework proposed 
in Ref. ^. The main insight gained from the analysis reported in Section Mis that in order to achieve translational invariance 
it is not sufficient to ensure that the boundary terms at endpoints of worldlines enforce some suitable momentum-conservation 
laws, since in general two such choices of boundary terms at the endpoints of a finite worldline (a worldline going from one 
interaction to another) will spoil translational invariance. 

Section [Vl| is a short aside on some characterizations of relative locality confined to a Hamiltonian description of free par- 
ticles 1 15- 18 1 which serves two purposes: it prepares the rest of our analysis by reviewing some concepts about the type of 
symplectic structure that is traditionally used in the K-Minkowski/K-Poincare literature, and its characterization of relative local- 
ity for free particles is then of reference for our description of a free-particle limit, which is an important corollary result of our 
proposal for interacting particles. 



It is in Section VII that the reader finds our main results concerning the proposal and analysis of a relativistic formulation 
of processes involving several interactions, within the general framework of Ref. 1 1 1, with translational invariance assured by a 
corresponding specification of the boundary conditions that implement momentum conservation. We test the robustness of our 
proposal mainly by applying it to the illustrative example of the K-Poincare-inspired momentum space. 



Section VIII contains our results that are of particular significance from the perspective of phenomenology. We show that, 
within our setup for K-Poincare interacting particles, simultaneously-emitted massless particles do not necessarily reach the same 
detector at the same time. Since our K-Poincare momentum space has nonmetricity, this is consistent with the thesis put forward 
in Ref. 1 19 1, according to which these time delays at detection for simultaneously-emitted massless particles are to be expected 
when nonmetricity is present. In addition we also investigate how the torsion of our K-Poincare momentum space affects these 
time-of-detection delays, an issue for which no previous result is applicable. And we find that the torsion does affect the 
time delays, by essentially rendering the effect non-systematic: the time-of-detection difference for two simultaneously emitted 
massless particles depends non only on the momenta of the two particles involved but also on some properties of the events that 
emitted the two particles. We also discuss the first elements of a phenomenology that could exploit this striking feature. 



In deriving the results reported in Sections VII and VIII we use K-Poincare illustrative example non only in the sense that we 



adopt the metric and connection of the "K-momentum space" (of Sections III andnVb but also by imposing upon us the use of 



the nontrivial symplectic structure that is preferred in the K-Poincare literature. However, in Section IX we keep the K-Poincare 



momentum space while switching to a trivial symplectic structure, and we reproduce again the results of Section VIII This 



allows us to establish that the predictions derived in Section [VIII| are purely manifestations of momentum space geometry. 
SectionlXlcontains some closing remarks, mostly focusing on the outlook of the relative-locality research program. 

We adopt units such that the speed-of-light scale (speed of massless particles in the infrared limit) and the reduced Planck 
constant are 1 (c = 1 = h). And we denote by £ the momentum-space-deformation scale. Of course, £ carries dimensions of 
inverse momentum, and a natural quantum-gravity-inspired estimate would be to have |£^' | roughly of the order of the Planck 
scale. The issues studied in this manuscript are of exactly the same nature in the case of a 4D momentum space and in the case 
of a 2D momentum space, and we shall often (but not always) focus for definiteness and simplicity on the 2D case. When not 
otherwise specified we shall switch between 4D and 2D formulas by simply denoting with po-.Pj the momentum in the 4D case 
and with po,pi the momentum in the 2D case. 

II. LEADING-ORDER ANATOMY OF RELATIVE-LOCALITY MOMENTUM SPACES 

Refs. fP,'2l (also see Refs. |'T9],'20l) raised the issue of determining experimentally the geometry of momentum space, much 
like it is traditional in physics to study experimentally the geometry of spacetime. 

It is however important to notice a crucial difference: while we do have experimental access to distance scales larger than the 
scales of curvature of spacetime, it is very unlikely that in the foreseeable future we could have experimental access to momentum 
scales even just comparable to the Planck scale, which is the natural candidate for the scale of curvature of the relative-locality 
momentum space |1 J. 

It should be appreciated that this disappointing limitation of our horizons on the geometry of momentum space can also be 
turned in some sense into a powerful weapon for the phenomenology of momentum-space geometry: evidently all we need is 
a characterization of the geometry of momentum space near the origin, where \p\ ^ \£\^^ ~ Mp. And at least at first this will 
essentially be focused on the search of leading-order evidence of a nontrivial geometry of momentum space. 

For what concerns the affine connection on momentum space, responsible for the nontrivial properties of the law of com- 
position of momenta fV\, all we need for the purposes of this phenomenology are the (£-rescaled) connection coefficients on 

momentum space evaluated at p^ = 0, which we denote by F^j*^: 

{p®q)^^p^, + q^,-£r^^Paq^ + --- 

And evidently the fact that the phenomenology only needs leading-order results implies (also considering that we already 
rescaled the connection coefficients by the Planck scale) that we can treat the F^j as pure numbers. 

Analogous considerations lead us to focus on momentum-space metrics that are at most linear in the momenta: 

g,v^,^,v_^lh'^vpp^ (2) 



and, just like the F^*^, we should handle the coefficients /!'"^P as pure numbers in our leading-order phenomenology. 

In this manuscript we shall mainly work only at leading order in the deformation scale, and it will be evident that this provides 
with significant advantages. In particular, at leading order in the deformation scale the momentum-composition law is always 
associative. This can be established by writing a general leading-order composition law as follows: 

{k®p), = k^ + p^-£r^hap^, (3) 

and then noticing that indeed (of course to leading-order accuracy) 

[{k (Sp)(B q]f, ^k^+ p^ + q^- £Tf {kapp + kaq^ + Paq?,) = [k®{p® q)]^ . (4) 

Beyond leading order the composition law could be nonassociative, and in that case one could appreciate the curvature of the 
momentum-space connection, with interesting but technically challenging consequences which we shall not encounter in this 
manuscript, and will never be encountered when working at leading order in the deformation scale. 

The fact that our horizons on the geometry of momentum space probably are confined to leading order may be viewed as an 
unpleasant philosophical limitation, but pragmatically can be turned into a powerful asset for phenomenology work on relative- 
locality momentum spaces, since the task of phenomenologists then is very clearly and simply specified: the target should be 
to determine experimentally (as accurately as possible) a few dimensionless numbers for the leading-order (and possibly the 
next-to-leading order) geometry of momentum space. 

To make this point fully explicit let us for simplicity imagine a by 2D relative-locality momentum space. In the 2D case a 
full leading-order characterization of the momentum-space geometry requires establishing experimentally (in hypothetical 2D 



experiments) the 8 dimensionless parameters of the affine connection on momentum space, 
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and the 6 dimensionless parameters of the leading-order description of the metric, which one can conveniently encodajinto the 
6 free parameters of the associated Christoffel symbols C^, 

•-0 J t-o — (-0 , (-0 J 
l^[ , L-2 — (-[ , 1^1 . 

III. SOME KNOWN PROPERTIES OF THE K-POINCARE HOPE ALGEBRA AND k-MINKOWSKI SPACETIME 

A. K-momentum space 

In this section we describe the construction of the momentum space motivated by the K-Poincare framework ||6^'2T','22l, which 
we shall call here, for short, the "K-momentum space". This K-momentum space will provide for us an example of momentum 
space, of some independent interest, on which to illustrate in tangible way the efficacy of the characterization of relative-locality 
distant observers, which is our main objective for this manuscript. 

In this subsection we follow Ref. 123)1 so we describe K-momentum space as a manifold of the group AN (3) (dubbed also 
the Borel group), which is, as a manifold, essentially a half of de Sitter space. The AN (3) group is a subgroup of the de Sitter 
S0(4, 1) group, defined by its Lie algebra an(3) which has the following form: 

[X^X'] = -iex' , [X\XJ] = . (6) 

This algebra is a subalgebra of so(4, 1) and one can represent it as an algebra of 5 x 5 real matrices, with the matrices representing 
X' being nilpotent. Knowing the form of the Lie algebra, one can readily write down a group element. It is convenient to split it 
into the product of two elements, one generated by nilpotent elements X' and the second generated by the abelian one X'^, 

AN (3) 9 sip) = expiipiX') expiipoX°) . (7) 

Clearly Pfj can be thought of as the coordinates on the group manifold. 

Since AN (3) is a subgroup of de Sitter group S0(4, 1), g{p) defined by (ItI acts naturally on points of the five dimensional 
Minkowski space M^. Therefore, if we take a point 0, the group AN (3) as a manifold is just a set of all points of the form^O. If 
has coordinates (0, . . . ,0, 1/i) than the point g{p)0, with g{p) given by (JTJ) and represented as a 5 x 5 matrix has Minkowski 
coordinates 

Po{po.Pi)^]smMpo-^-^e-'P\ 

Piipo,Pi)^Pie-^'\ (8) 

P4{po,Pt) = -\ cosh£po+ ^e-^'"" . 
One can easily check by direct computation that the coordinates Pj = [P^^Pa), /j = 0, . . . , 3 of these points satisfy the conditions 

Pl-Pl-Pl~Pl-Pl = -^. (9) 



and (assuming that i is negative) 



Pq+Pa>Q. (10) 



' We ai'e here implicitly using the fact that our "leading-order momentum-space metrics" can be parametrized, in the example of the 2D case, equivalently in 
terms of the 6 independent numbers that specify /j'"" or in terms of the 6 independent Christoffel symbols. Indeed one finds that 

(^" = \ gpo («""■" + g""-" - r ■'') = 1 1lpa {h"'" + h"^" - ft'"") (5) 



Thus, as a manifold, the AN (3) group is an open subset of the four dimensional de Sitter space (l9| defined by the condition ( 10 1, 
and the points in this manifold can be parametrized by coordinates p^. It is worth noticing in passing that the unit element of 
the group AN (3), g{Q) naturally corresponds to the zero momentum point p^ = of the momentum space, whose existence is 
required for the relative locality construction 1 1 1. 

Since our momentum space, AN (3), is defined as a hyper-surface imbedded in the five dimensional Minkowski space it 
possesses a natural induced metric, which can be obtained by inserting the relations ([8]l into the five dimensional Minkowski 
metric 

ds^ = dP^ - dPf - dPl - dPl - dP} . 

Using ([9]) one finds that this metric is nothing but the de Sitter metric in flat coordinates 

ds^ = dpi - e-^^P° [dp] + dpi + dpi) . (11) 

We shall use this form of the metric in the next section, in the derivation of the on-shell relation of a particle on the K-momentum 
space. 

Since our momentum space is a group manifold it is natural to assume that the momentum composition and is defined by the 
group multiplication law. If we have two group elements g{p) and g{q) then their product is a group element itself so that we 
can define the momentum composition © as follows: 

g{p)g{q)=g{p®q)- (12) 

It is worth stressing that since the group multiplication is associative, the composition is associative as well. 
In the case of the AN (3) group elements defined by (JTl) we find 

^(p)^(?)=exp(/X'(p, + /''»?0)exp(/X»(po + ?o)) , (13) 

so that 

{p(Sq)i^Pi+e'^POqi, {p(Sq)Q = PQ + qo, (14) 

which to the leading order in £ reads 

ip®q)i=Pi + qi + ipQqi + 0{f), ip®q)o=PO + qo- (15) 

We can then introduce Qp, the "antipode" of p, using the fact that the inverse of a group element is a group element itself: 

8'\p)=giQp), g'Hp)g{p) = l^P®{Qp)=0 (16) 

and in the case of the AN (3) group we find 

iep)i^-e-^P'>Pi, {ep)o = -po (17) 

and in the leading order we have 

{ep), = -{i-epo)p, + o{f), {ep)o = -po- (i8) 

In closing this subsection let us also observe that when the momentum space is a Lie group there is a natural way to construct 
a free particle action. The idea is to identify the position space with a linear space dual to the Lie algebra (as a vector space) and 
to make use of the canonical pairing between these dual spaces. Concretely let us define the basis of the vector space 9^, dual to 
the Lie algebra an (3) as follows: 

{%,x') = ?>;. (19) 

And let us take the space dual to the Lie algebra of AN (3) to be the space of positions so that 

x^xP%. (20) 

Then the kinetic term of the action of a particle with AN (3) momentum space isn 

^ In the mathematical literature the symplectic form associated with this kinetic term is called Kirillov symplectic form. 



Substituting (|7]i, ([T9]l, and (J20|l into (|2T]i one easily finds that 

L'''"^j^p^-epix'pQ. (22) 

It is worth noticing that the same procedure can be appHed to the standard case with flat momentum space, when the group 
associated with momentum composition is just an abelian group R^ (in our case we get the abehan Hmit when £ -^ °o.) 

It follows from ^27\ that positions variables x^ have a nontrivial Poisson bracket. To see this most easily, notice that with the 
help of the transformation 

x''^x'', x^=x-^~-lpix\ x'=x', (23) 

one can diagonalize the kinetic Lagrangian (22 1, Z,'^™ ~ x^p^, so that the Poisson brackets in these new variables read 



Using ( 23 1 one easily finds that 



{jc°,jc'} = -ix' , {x',x^} = , (24) 

{x°,po} = l, {x\pj}^d'j, {x'',pj} = £pj. (25) 

B. K-momentum space, the K-Poincare Hopf algebra and K-Minkowski spacetime 

The characterization of the K-momentum space given in the previous subsection is ideally suited for the purposes of our 
relative-locality studies, but it leaves partly implicit the connection with the K-Poincare Hopf algebra and its most popular 
applications in the study of spacetime noncommutativity. In order to expose more clearly this connection we shall now rederive 
the characterization of K-momentum space already given in the previous subsection taking as starting point the role of the 
K-Poincare Hopf algebra in the study of the K-Minkowski noncommutative spacetime ll6l 1211 l22ll . 

Once again the selection of results we mention is due to the fact that the structure of the relative-locality framework of 
Refs. ti, |2J, which we adopt, essentially requires some "inspiration" for an on-shell relation, a law of conservation of mo- 
mentum at interactions, and some Poisson brackets. In this subsection we shall find this "inspiration" by revisiting the most 
studied formulation of theories in K-Minkowski spacetime, often labeled as "bicrossproduct basis" Il6l l22ll or "time-to-the-right 
basis" Il22ll24l . 

Starting from K-Minkowski noncommutativity Il6l l22ll . which can be thought of as the quantization of the Poisson brackets 
(|25l 









^0, (26) 



in this formulation one introduces the Fourier transform i>{k) of a given K-Minkowski field 'i>{x) using the time-to-the-right 
convention 

4>(i)= f d'^x^k)e'''J^' 6""°^° . 
This is often equivalently described in terms of the time-to-the-right Weyl map "M^ by writing that 

4>(i) = ^r( fd^x^{k)e'''^''"^ 

where it is intended that coordinates trivially commute when placed inside the Weyl map, 'Wr{x-'x'^) — 'Wii{x^xJ), and that taking 
a function out of the time-to-the-right Weyl map implies ll24ll time-to-the-right ordering, so that for example i^i" = '^/{{x-'x'^), 
xJx^ = Wr{x^xJ), and e'''J^' e'''^^ = 'JV«(e'V'). 

Then several arguments Il6l l22ll . including the ones based on the recently-developed techniques of Noether analysis Il25lj27l . 
lead one to find generators of symmetries under translations, space-rotations and boosts. For translations one has that 

P^e'''j'' e"""'^ = k^e'''j'' e"""'" = Wr i-^id^.e''"'"' \ (27) 



and in general P.'Wr {f{x)) = 'Wr {-id,,f{x)). 

Similarly one has that the generators of space rotations are given by 



j^^^ikjxJ ^ikox'' = e,™i'"/t„e'*^^-^'e'*«-^"° 



and the generators of boosts are given by 






Jkjxi ikof 



These translations, rotations and boosts are found to be generators of the K-Poincare Hopf algebra, and their main properties 
are described, e.g., in Refs. 161 |22l EH • In particular one finds a deformed mass Casimir Q, obtained from the generators given 
above 



Ci=[jJ sinh^(^-Poj-e-'"°^,P7, 

which can inspire a deformed on-shell relation for relativistic particles. 
We also note the following properties of the translation generators 

[Po,x']e'''J^'' e""^'" = , 



which should be compared to ( 25 i of the previous subsection. 

And the composition law which we derived in the previous subsection from the multiplication law on the group AN (3), is 
viewed in the spacetime-noncommutativity literature as a property of products of "time-to-the-right plane waves", 

gikjxJ ^ikof gipjxJ ^ipox^' ^ ^ikjxJ^ie''''OpjxJ^ikox<'^ipox^ ^ ^i{kj+e"'Opj)xJ^i{ko+pa)S° 



which indeed leads us once again to 



{k®p)o = ko + po , 



{k®p)j^kj- 



Jko 



Pj 



Since this composition law can be derived within the time-to-the-right formulation of the K-Poincare/K-Minkowski framework, 
which first appeared in Ref. Il22l by Majid and Ruegg, we shall refer to this composition law as the "Majid-Ruegg composition 
law" and to the associated affine connection on momentum space as the "Majid-Ruegg connection". 



IV. THE EXAMPLE OF K-POINCARE-INSPIRED MOMENTUM SPACE WITH MAJID-RUEGG CONNECTION 



Ref. im introduced the idea of using the geodesic distance from the origin to a generic point p^ in momentum space 'P as the 
mass of a particle. We shall here argue that according to this proposal one should view the K-Poincare/K-Minkowski framework 
as a case in which the metric on momentum space is de-Sitter like. 



(j/UV _ 



/I 













^g-2l'po 














_e-2^Po 





Vo 








—e^^ 



\ 



Kpo 



(28) 



and, as already anticipated, parallel transport is given in terms of the Majid-Ruegg connection. 

The other objective of this section is to establish the torsion and nonmetricity of this K-Poincare-inspired setup. 
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A. Distance from the origin in a de Sitter momentum space 

In order to calculate the geodesic distance from the origin to a generic point p^ = {po,Pj) in momentum space fP we must find 

DiO,p,)^l^ds^/g>^%p^, (29) 

where p^j is the solution of the geodesic equation 

Pp + Cp'PfjPv = , (30) 

g/jy is the metric of T and Cp' are the Christoffel symbols for the metric g^v 

To find an approximate solution consider the metric slightly away from zero, which has the form 

gK^=^p^+£irppp + ___ (31) 

A simple calculation of the Christoffel symbols to the leading order, 

C^" = \ 8pa (^""'^ + g'"-' - r ") = I ^pa (/^"^^ + h'"" - hf^'") , (32) 

shows that the only non vanishing components are: 

(33) 



so that the geodesic equation ( 30 1 can be easily solved perturbatively with the boundary conditions 

P,{0)^0, p,{l)^P,. (34) 

The solution at leading order is 

Pp{s)=PpS+^C/^P^Py{s-s^) (35) 

and 

Pp (s) =Pp + \ Cp''" P, Pyil-2s). (36) 

To compute the distance one must find 



/8'"P^{s)pyis) = ^^K^P^Py+CP^'^PpP^Pyil-2s)+ihK^PPpP^PyS . (37) 

To do that we use the identity that results from eq. ([32| 



CP^" Pp P„ Pv = ^ /jP"^ Pp P^ Pv . (38) 

So that finally we find 

^Jg'"'P,i^)Pvi'<) = ^Jp^+CPK'PpP,Pv . (39) 

Integrating this from to 1 and taking the square we get the final result 

D{Q,P^)=m^=P^ + CP"^ Pp P^ Pv . (40) 



Substituting the values of the connections found in eq. ( 33 1 we have 



m^=Pi-Pf+ePoPf, (41) 



consistently with the leading-order form of the K-Poincare inspired on-shell relation. 
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B. Momentum space with de Sitter metric and Majid-Ruegg connection: torsion and (non)metricity 

To further investigate the geometrical properties of momentum space we take the Majid-Ruegg composition law: 

(k®p)j^Pj + /P^qj. 
Using the Majid-Ruegg composition law, we can define a parallel transport on the momentum space fP as 

{p ® dq)^ = p^ + dq^ - Tfpadq^ + ... (42) 

In particular for the (leading order) composition law 



{p®q)a = pa + qa , 

ip(Bq)i^Pi + qi + ipoqi 



(43) 



we find that the only non- vanishing components of the connection are: 

r"^' = -£5/ . (44) 

Given the components of the connection we can easily find the other geometric properties as torsion, nonmetricity and curva- 
ture. 

For the torsion, we use HI 

T^^ = -^^^^{p(Bq-q®p),^2r^;^^^rf-r^^- (45) 

to find that at leading order the only non vanishing components of the torsion tensor are 

T°J = - t/^ = r°' = -£5/ . (46) 

And for the nonmetricity tensor, 

^a„v ^ ya^„v ^ ^„v,a ^ pAja^pv ^ pva^;,p ^ ^47^ 

the only non-vanishing components to the leading order are 

f^iOj ^ g^ij ^ (48) 

For what concerns the curvature of the connection, determined by H] 

Rfy = 2^^^(ip®q)®r-p®{q®r)) , (49) 

it is evident that it vanishes by construction in any leading-order analysis (in a power series in £ the first contribution to the 
curvature of the connection is of order i^). It is worth noticing that in the case of the Majid-Ruegg connection this curvature 
vanish exactly (to all orders) as a result of the fact that the Majid-Ruegg composition law is associative. 

V. PARTIAL ANATOMY OF DISTANT RELATIVE-LOCALITY OBSERVERS 

A. A starting point for the description of distant relative-locality observers 

Let us now return to the preliminary results on translation invariance reported in Ref. f[\, which we already briefly summarized 
in the first section, but we shall now analyze in greater detail. In Ref. [1 J translation invariance was explicitly checked only for 
the idealized case of the process we already showed in Figurefl] with 3 particles of energy-momenta kfj, p^, q^ all incoming into 
the interaction. 
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Let us note down again here the action ^^^"'"p'^ which, according to Ref. lU, could describe the process in Figurelll 

^e^,nple ^ H ^^ ^x^+y^p. + Z^ + 9^C [k] + %,€ [p] + %C [q]) - ^"^^,(^0) , (50) 



where C[k] =D^(fc) — m^ is the distance of A:^ from the origin of momentum space, and the on-shell condition is C[k] = 0, while 
the deformed law of energy-momentum conservation has been enforced by first introducing a connection-induced composition 
of the momenta, 

%{s) = [k{s)(Bpis)®qis)]^, 

and then adding to the action a boundary term (in this case, at the s ~ sq boundary) with this !K^. The lagrange multipliers 
enforcing !}(^ = are denoted by ^'" and play the role of "interaction coordinates" in the sense of Ref. 1 1 1. This is a theory on 
momentum space in the sense that the "particle coordinates" x'', y^,z^ are introduced as "conjugate momenta of the momenta", 
and for the action ^''^""vie Qjjg evidently has that 






(51) 



Following again Ref. H] we vary the action 5<'™"v'« keeping the momenta fixed al s — ±oo (so that, for the case we are here 



considering, one has that 5^^ 



0,5;., 



0, 5^, 



0) and we find the equations of motion 



x^'■ 



kp = , Pp = , qp = , 

C[k]=0, C[p]=0, C[q]=0 



5k„ 



^Pp 



% 






and the boundary conditions at the endpoints of the 3 semi-infinite worldlines 



x'^{so)=^ 



-5% 
5fc, 



f{^o) = ^ 






z'{so)=^ 



5^^ 



(52) 



The relative locality is codified in the fact that for configurations with ^^ = the endpoints of the worldlines must coincide 
and be located in the origin of the observer (x^{sq) = y''{so) — z''{so) = 0), but for configurations such that ^'" 7^ the endpoints 
of the worldlines do not coincide, since in general 



5% d% 5^ 
5^^ dp^, bqf, 



(53) 



so that in the coordinatization of the (in that case, distant) observer the interaction appears to be nonlocal. 

As noticed in Ref. |T|, taking as starting point of the analysis some observer Alice for whorrrj^^ 7^ 0, i.e. an observer distant 
from the interaction who sees the interaction as nonlocal, one can obtain from Alice an observer Bob for whom ^^ = if the 
transformation from Alice to Bob for endpoints of coordinates has the form 



3^(^o)=3^(io)-^! 



?>k,{s) 



4G^0)=Z^(i0)-^A 



hp^{s) 



s=.vo 



(54) 



§?A'(*) 



' When we compare two observers, Alice and Bob. we shall consistently use indices A and B to distinguish between quantities determined from one or the 
other In particular, here we denote with ^^ the conservation-law Lagrange multipliers of observer Alice and with l^g the corresponding Lagrange multipliers 
of observer Bob. 
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Such a property for the endpoint is produced of course, for the choice h^ — ^^, by the following corresponding prescription for 
the translation transformations: 






^PmI^) ' (55) 



Indeed one finds by direct substitution that these transformations leave the equations of motion and the boundary conditions 
unchanged. And also the action is invariant; indeed 






:5r'"'"''''""-(^B+^'')^(*o) 

^example Milk 



(56) 



^example fiulK •rii n^ { \ 

^example 

— ■JA ' 

i_ ^example,bulk • • -, -.i ^example •.. .. .■ /:i j 

where 5^ ' ' comcides with 5^ with the exception of boundary terms. 

This also shows that all interactions are local according to nearby observers (observers themselves local to the interaction): if 
^^ 7^ for observer Alice, so that in Alice's coordinates the interaction is distant and nonlocal, one easily finds a observer Bob 
for whom t,g = 0, an observer local to the interaction who witnesses the interaction as a sharply local interaction in its origin. 

For the purposes of the proposal we shall put forward in the following sections, it is important to notice here that these 
observations reported in Ref. [i 1 1| actually can be viewed as a prescription for translations generated by the "total momentum" 0(^ 



(in which however individual momenta are summed with a nonlinear composition law). In fact, in light of (51 1 the description 
of translation transformations given in ([55]l simply gives 



54i^^)=4{s)-4is)=b''{{k(Bp(Bq)v,^}^b''{'K^,x^} = -b^^^^ 

, 5gCvW 
bp^{s) 



Ki^)=/A^)^/A{s)=b''{{k(Bp(Bq),,f}^b''{!Kv,f} = -b''^^, (57) 



Ki^)=4i^)-fA^)=b'{{k®p®q),,z''}^b''{!Kv,z''} = -b\ ,, . 

B. Some properties of our conservation laws 

Our next task is to focus on another issue which also needs to be fully appreciated in order to work with relative locality: the 
issue of ordering momenta in the nonlinear composition law. 

That ordering might be an issue is evident from the fact that relative-locality momentum spaces can in general allow |[T] for 
interactions characterized by conservation laws which are possibly noncommutative (torsion) and/or non-associative (curvature 
of the connection). For leading-order analyses, of the type we are here motivating, only noncommutativity is possible, but that 
is enough to introduce quite some novelty with respect to standard absolute-locality theories. It should be noticed however that 
the number of truly different conservation laws is much smaller than one might naively imagine, as we shall now show for our 
illustrative K-Poincare-inspired example (a generalization of the argument shall be provided elsewhere |28|). 

Let us first notice that while for arbitrary choices of k and p our composition law is evidently such that k® p ^ p®k 
(noncommutativity), in the cases of interest when discussing interactions, cases in which the composition of momenta is used to 
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write a conservation law, we actually do have 

This is easily checked in the case which is of primary interest for us here: 

= ki+pi +ikopi ^ki+pi +epoki , 

where on the right-hand-side we used in the leading-order correction the properties ko — —po and ki — ~p\ which follow (at 
zero-th order) from k®p = Q- 

And actually k® p = Q -4=> p®k = Q holds for any choice [28 1 of affine connection on momentum space, as shown by the 
following chain of properties: 

k®p^Q=^ P^ek=^ p®k^ek®k^Q . 

This observation also simplifies the description of 3-particle interactions. In fact, since we have established that k®p — <;=> 
p®k = Q\i then evidently follows tharj 

k®p®q = 0^=^q®k®p = ■ 

So, while there is no cyclicity property of the rule of composition of generic momenta, when the rule of composition is used for 
a conservation law it produces a conservation law with cyclicity. 

C. Boundary terms and conservation of momenta 

So we have seen that the number of truly independent conservation laws that can be postulated using the deformed composition 
law "®" is smaller than one might have naively imagined, because of cyclicity. For some of the observations we report later on 
in this manuscript it is however important to appreciate that different compositions of momenta that (when set to zero) would 
produce the same conservation law still can lead to tangibly different choices of boundary terms enforcing the conservation laws. 

Let us first illustrate the issue within the specific example of an interaction with two incoming and one outgoing particle, with 
conservation law 

This conservation law can be enforced by adding to the action a term of the form ^''3^, withS;^ = [p®k® (G^)]^ and ^'' are 
Lagrange multipliers. But this evidently is not the only choice of constraint term that enforces the chosen conservation law. For 
example let us observe thajj 

p(Bk®{eq)=Q ^=^ p®k = q ■i=^ {p®k) - q = , 

and also that 

p®k®(eq)^0 ■^=^ pQ)k = q ^=^ Qq® p®k = eq®q = ■ 

So we see that the same conservation lawrjcan be enforced by adding a boundary term of the form ^''^ with "K^ given by any 
choice among !^ = \p(Bk® (Gq')]^, ^ — [{p®k) — g']^, and ^ = [{Oq)®p(Bk]^, However, it is easy to verify (and this will 
play a role in the analysis reported in the following section) that these different possible choices of boundary terms enforcing the 
same momentum-conservation law actually produce boundary conditions that are physically different. 

In the case of our interest, which is the case of the Majid-Ruegg connection, we shall be confronted with the observation that 

{p®k®{eq))i)^{{p®k)-q)Q = {{eq)®p®k)Q 

but 

{{p®k)-q)i={p®k®{eq))i+i{qQ-kQ-qQ)qi = {{Qq)®p®k)i+iqo[qi-k^-qi). 

However, when {{p®k)— q)^ = one evidently also harl (neglecting 0{(^)) that l{qQ — ko~ qi))q\ = = iqo{qi — ki —qi), so 
also for the specific case of the Majid-Ruegg connection one has this possibility of different boundary terms enforcing the same 
conservations laws, but producing physically-different boundary conditions. 



'' Note that from kfB p = -^^ p®k = 0, which holds for any choice of momentum-space affine connection (and associated composition law), it evidently 

follows that {k(B p)®q = -i^^ q®(k(Bp) =0 but unless the composition law is associative this will not amount to a cyclicity property [28 1 . When, as in 

the case which is here of our primary interest, the composition law is associative we then have q(B(k®p) = (q(Bk)(Bp = q(Bk(Bp and a genuine cyclicity 

property arises. 
' This elementary chain of equivalence may at first appear striking since evidently in general p®k®{Qq)=/^(p®k) — q,ov, more precisely, if p(Bk(S{Qq) =/^0 

then p A: (Qq) ^ {p®k) — q. However the chain of equivalences immediately follows upon observing that in the special cases where p(Bk(B {Qq) = 

(conservation laws) one then has that also {p(Bk) —q = 0. 
^ It should be noticed that in Ref . 1 7 1 , where nonlinear conservation laws were analyzed from the perspective of the doubly-special-relativity research program, 

a possible role of such conservation laws of the type pl"'l - (pl°"'-'l ©p[°"'>2]) = or (pl'"''l ©pl'"'^]) - (pi"'"-'! ©pl'""-^!) = was already motivated on 

different grounds. 
^ We stress again that the 3 conservation laws in question are exactly equivalent, equivalent to all orders in i. We are however working here to leading order in 

(, and for example the antipode G for the Majid-Ruegg connection was here determined only to leading order. So the equivalence of the 3 conservation laws 

in question is of course verified within our computations only upon dropping subleading, O(i^), contributions. 
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D. A challenge for spacetime-translation invariance in theories on a relative-locality momentum space 

We shall now characterize preliminarily the nature of some consistency conditions that should be enforced in order to produce 
a relativistic formulation with relative locality for interacting particles. As emphasized at the beginning of this section, in the 
relative-locality frameworks here of interest essentially what happens is that the correct notion of translation to distant observers 
must act on the endpoints of worldlines in a way that reflects the form of the boundary terms used to implement the conserva- 
tion laws. As also shown at the beginning of this section this notion is never problematic for semi-infinite worldlines, with a 
single endpoint. But we must now highlight a challenge which materializes in all instances where two interactions are causally 
connected, i.e. there is a particle "exchanged" between the interactions, described by a finite worldline with two endpoints. In 
those instances we are going to have that the conservation laws essentially impose two conditions on the "exchanged worldline", 
for the translation of the two endpoints. But we must request, for a relativistic description, that the worldline of distant observer 
Bob is solution of the same equations of motion that the initial observer Alice determines, and these relativistic demands are not 
automatically satisfied. 

In order to render our concerns more explicit let us consider a specific example which does not admit the sort of relativistic 
description we are here interested in. For simplicity we consider a case in which the on-shell relation is undeformed and the 
symplectic structure is trivial. And we consider the situation shown in Figure l2] in which the two outgoing particles of a first 
decay themselves eventually decay. 




/cPi = k(B (eq) e 



1 (Og") 9) {Gq') 



Figure 2. The action given and analyzed in this subsection would be intended for the description of the three causally-connected interactions 
shown here. But it appears that such a description is incompatible with a relativistic description of distant observers 



A suitable description of the relevant conservation laws is the following: 

= (fc ® (Qq) ® (Qp))^ = k^-Pfi-qfi- i?>l {koqj - qoqj + h)Pj - poPj - qoPj) , 

0={p® iep") ® iep'))^ = P,-p',- p';, - i^ {pop" - Pop'; + pop) - p'op'j - Pop'j) 
o^{q® {eq") ® [eq'))^ -?/.-<- < " ^5^ {qoq"j - 4o4'j + io4, - 4oq'i - iWj) ■ 



(58) 



where for definiteness (it is easy to check that none of the points made in this subsection depend crucially on this choice) we 
specified as composition law the one coming from the "Majid-Ruegg connection". Evidently the conservation laws concern a 
first interaction where a particle of momentum k decays into a particle of momentum p plus some other particle of momentum 
q, followed by two more decays, one where the particle of momentum p decays into particles of momentum /?' and /?" and one 
where the particle of momentum q decays into particles of momentum q' and q". 

The main observation we here want to convey is that the following choice of 0C& to be used in writing up constraints imple- 
menting the conservation laws 

'K^°\so)=k®{eq)®{ep), 
o(}'K^i) = p®iep")(siep'), 

'K}%2)^q®{eq")®{Qq'). 

which appears to be a very natural way to implement the conservation laws as constraints, does not lead to a relativistic descrip- 
tion of distant observers. 
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To see this let us first write the action which would implement all this: 



Sa^I ds {z% + H,[k^- ml] )+ T ds {^p„ + %[p^~ ml] ) 

J —oo J So 



+ rds{rq, + %[q^-ml])+ r'^ds{x''p'^ + %,[p'^-ml])+ r"ds{x''^'p; + %,>,lp''^^ 
Jso Js[ Js[ (59) 

+ rds{y'% + %,W'~m}])+rds{y">'q';, + %4q"^^ml]) 

where we restricted our focus on the undeformed on-shell condition k^ — m^ = and we allowed for the presence of particles of 
different mass. The equations of motion that follow from varying this action evidently are: 

kt,^Pt, = q^= p'lj = p"fj = q'^ = q" = , 

il 2 2 2 2 2 /2 2 111 2/2 2 Il2 2 a 

k —m^=p —mjj = q —m^=p —mj=p —m^=q —mf = q —m=\j, 

9(i°^^0, ^^^^0, !^'^l-0, 

z^ = 2:A45(;A:o - 2;A45^A:i , x^' = l^d'^po - 2%?r^p, , x'k = 2%,5^/7;, - 2:A/;,5>'i , i"" = 2%„5>;p'i - 2%«5>;' , 

r = 2%5'oqo - 2%?>\q, , r = 2%,hy^ - 2%,?>% , v"" = 2%„h''y^ - 2%„h\q'[ . 

And for the boundary conditions at endpoints of worldlines one finds: 

^(^o) = -^[o]A^ -^[o]a-^5o^[oiaP. +mm{h-q,-p,) , ^(.i) ^^[,],^ =^f^],-£5(;^fo]A(/''i +P'[) - 



■^A («1 ) = -%]A ^J^ = %]A - ^^0%]aP'i + ^^l^[0]A (PO -P'o- Po) , 



v'A'/'...^ - _?v o^ _^iJ _t,^fpi „'_L/7x/j?i 



= [21A 5^// 



From this we immediately see that the action 5a does not admit a relativistic description of distant observers (in relative rest), 
at least not in the sense intended in Ref. |1 1. And, as announced, the troubles originate from the finite worldlines, with two 



endpoints. For example, according to the observation reported in Ref. 1 1 1 (and here summarized in Subsec. V A i, one would like 
translation transformations such that the endpoints of the worldline of momentum p transform as follows: 



,5!^^^ 



X^(.5o)=J^(io)+^' g 



■4(^0 =^(^1)-^" 



" (60) 



5ft' 



But we also must insist, if the transformation from Alice to Bob is to be relativistic, that the equations of motion written by 
Alice and Bob are the same, so that in particular also for Bob .t^ — 29{phQPQ — 29{pW^p\. However, enforcing both i^ = 
29{p?>qPq — 2'}{ph\p\ for Alice and i^ — 29{p?>QPQ — 29{p?l'^pi for Bob imposes on our translation transformations that they be 



rigid translations of the endpoints, in the sense that for ( 60 1 one should have 



hp^ dpfj 

And it is easy to see that this condition, while automatically verified at zero-th order is in general not satisfied at 0{£). 
For example for the Majid-Ruegg connection one has that 

"Kl = [k®{Qq)®{Qp)]i ^ki - qi - p\ -£{koqi ~qoqi +kopi-qopi - popi) , 
!^W = [p®{Qp")®{ep% ^Pi-p'(~p'i~i{-p'ip'l-p'ip[ -p'op[ +PQP'(+P0P[) , 
from which it follows that 

-^ =£pi, -^ =~l-l{ko-qo-pQ) , 

opo op I 

opo op I 
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(61) 



(62) 



(63) 



which indeed confirms that the condition (61 1 is satisfied at zero-th order but violated at 0{i). 



VI. KNOWN RELATIVE-LOCALITY RESULTS FOR FREE K-POINCARE PARTICLES IN HAMILTONIAN DESCRIPTION 

The insight gained in the previous section is going to guide us, in the next section, to a satisfactory relativistic description 
of interacting particles, with relative locality, applicable also to cases where particles are "exchanged", i.e. there are finite 
worldlines. As a further element of preparation for that task we find it useful to briefly review the recent results on the relative 
locality produced by a "K-Poincare inspired Hamiltonian" description of free particles. This is because part of our confidence in 
the way we shall propose to proceed for the Lagrangian description of interacting particles is provided by exposing a consistency 
with these pre-existing Hamiltonian free-particle results. 

Also for this aside on Hamiltonian description of free particles on a "K-Minkowski phase space" we introduce an auxiliary 
worldline parameter s and we denote by Q the s derivative of an observable Q, so that Q = dQ/ds. 



On the basis of what was derived in the earlier Section III our "K-Minkowski phase-space ansatz" is such that the Poisson 
bracket for the spacetime coordinates is 



spacetime translations are governed by 



and the on-shell relation is 



{x\x^}=ex\ (64) 

{x^,po} = l, {x\po}=0, (65) 

{x'',pi}^ipi, {x\pi} = l. (66) 



m^^Po-pl+ipop\- (67) 



One can then use 



% = %C[jy] = % {pI -p\+ epQp\ 



as Hamiltonian of evolution of the observables on the worldline of a particle in terms of the worldline parameter s. 

Hamilton's equations evidently give the conservation of po and p\ along the worldlines. And concerning worldhnes one finds 
that 

x' = {x\%} = ^{x\po}+^{x\pi} = -2%ipi-£popi) , 
opo opi 



so that the velocity is 
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v-i=-'-^(l-im+'j^]=-^^+ip.^, (68) 



^ P^ (i D , ^ dPi\ P^ , e '" 

■* Po V 2 /Joy , /^,2_^^2 pi+m^ 



where, in light of Eq. ([67]l, 



;.o = xM+'«'-2^/'?- (69) 



The worldlines then are 




m 



2 



x'{pux\jP;x')^x'-\ ''' ^ip,^!^ (xO_^ 



P\ 



In particular, for massless particles these worldlines give a momentum-independent particle speed: 

X (pi,x ,x 



,J/„. .1 .0.^0)^-l__Pl (^0_^-0) 



\Pi\ 

However, as noticed in Ref. ifTSl . the fact that worldlines of massless particles are characterized by "coordinate velocities" 
which are momentum independent does not ensure that simultaneously-emitted massless particles of different momentum are 
detected simultaneously. One must factor in the anomalous properties of translations in K-Minkowski, and this is were the 
relativity of locality is most vividly exposed. 

To see this it suffices to consider a simultaneous emission occurring in the origin of an observer Alice. This will be described 
by Alice in terms of two worldlines, a massless particle with momentum p\ and a massless particle with momentum p'^, which 
actually coincide because of the momentum independence of the coordinate velocity: 

(where we took both p^l < and p\ < 0, so that the particles propagate along the positive direction of the x' axis). 

It is useful to focus on the case of p\ and p^ such that \p\\ <C \p'l\, and \ip\\ ~ (the particle with momentum p\ is soft 
enough that it behaves as if £ = 0) while \£p\\ ^ 0, in the sense that for the hard particle the effects of ^-deformation are not 
negligible. 

Then we need to use the fact that the assignments of coordinates on points of a worldline adopted by two observers connected 
by a generic translation l^o /^i , with component b^ along the x'^ axis and component b^ along the x^ axis, is such that 

x'^ ^x^ +b° {po,x^} +b^ {pi,x^} , 
x"^=x' + b'{poy}+b'{pux'} ■ 



Using these we can look 111811 at the two Alice worldlines, given in ( |70| l, from the perspective of a second observer. Bob, at rest 
with respect to Alice at distance b from Alice (Bob = %_b> Alice), local to a detector that the two particles eventually reach. Of 
course, in light of the form of the worldlines, according to Alice's coordinates the two particles reach Bob simultaneously. But 
can this distant coincidence of events be trusted? The two events which according to the coordinates of distant observer Alice are 
coincident are the crossing of Bob's worldline with the worldline of the particle with momentum p\ and the crossing of Bob's 
worldline with the worldline of the particle with momentum p^ To clarify the situation we should look at the two worldlines 
from the perspective of Bob, the observer who is local to the detection of the particles. 

Evidently these Bob worldlines are obtained from Alice worldlines using the translation transformation codified in (65 1, (66 1. 

Acting on a generic Alice worldhne xL (pi,xL,X|^,;xu, j this gives a Bob worldline xL (pi,xL,Xr'g,;xr^, 1 as follows: 



^\B] - ^\A 



'{pQ^-''lA]}+l^{pU^[A]}=^lA]-b^ 



' Note that with our choice of conventions (signature of the metric) a particle on shell moving along the positive direction of the .v' axis has positive i'' and 
negative pi . 
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And specifically for the two worldlines of our interest, given for Alice in ( [70) l, one then finds 

^[B]p''(^[B]) =^[B] +^^/'l ■ 

The two worldlines, which were coincident according to Alice, are distinct worldlines for Bob. And it is established that ifTSJI 
according to Bob, who is at the detector, the two particles reach the detector at different times: x9^, ~ for the soft particle and 

x9g, = —ibp\ = ib\p^\ for the hard particle. This for the two massless particles which, according to the observer Alice who is at 
the emitter, were emitted simultaneously. The difference of times of detection at Bob is governed by the simple formula 

At^ib\Api\. (71) 



Bob 





Figure 3. Two simultaneously-emitted massless particles of different momentum in K-Minkowski are detected at different times. The figure 
shows how the simultaneous emission of two such particles and their non-simultaneous detection is described in the coordinates of observer 
Alice (left panel), who is at the emitter, and in the coordinates of observer Bob (right panel), who is at the detector. 



VII. A LAGRANGIAN DESCRIPTION OF RELATIVE LOCALITY WITH INTERACTIONS 
A. K-Minkowski symplectlc structure and translations generated by total momentum 



In this section we show that it is possible to have a relativistic description of pairs of distant observers (in relative rest), 
in descriptions of interactions with particle exchanges (finite worldlines) formulated within the relative-locality framework of 
Refs. ||Tl|2l. The main challenge we shall face in this section is the one characterized in Subsection V D relativistic descriptions 
of a single interaction with relative locality are rather elementary, but when pairs of interactions a causally connected the avail- 
ability of a relativistic description for distant observers is in no way assured, and actually before the study we are here reporting 
there was no known example where it had been shown to work. 

We shall also find reassuring that the Lagrangian description we obtain for interacting particles, reproduces in an appropriate 
limit the known results reviewed in the previous section, concerning relative locality in a K-Poinc are-inspired Hamiltonian 
description of free particles. In doing so we also provide an explicit analysis in which the non-trivial geometry of momentum 
space is analyzed while adopting a non-standard symplectic structure. 

Indeed, the first point of contact between our Lagrangian description and the Hamiltonian description reviewed in the previous 
section is found in the choice of symplectic structure and on-shell condition characterizing the "free part" of the action", which 
for the case of 3 particles (of momenta k^, incoming and momenta p^, and ^^ outgoing) takes the form: 



S, 



bulk 



ds {z^k^ - iz^kik + 9^C^ [k]) + ds {xfpf, - ex^pipo + Cl\{pCy: [p]) 



(72) 



+ / ds {fq^ - fy^qiqo + %Ck [q]) , 

J So 
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where 



C^[k] = kl-k\ + ikok^ 



1 ; 

SO that we implement the on-shell relation of the Hamiltonian K-Minkowski phase-space setup reviewed in the previous section. 
We are adopting K-Minkowski Poisson brackets, so that for example for x'^ 

and from (|72]| one recognizes that our symplectic structure also matches the one of the Hamiltonian K-Minkowski phase-space 
setup reviewed in the previous section; so that for example for x^,p^ 

{x'',/,o} = l, {x\pq]=Q, 

{x^,pi]^ipi, {x',/:>i} = l. 

For what concerns the conservation laws at interactions we shall adopt the Majid-Ruegg connection. But, as evident on the basis 
of the observation we reported in Section IV] once the conservation laws are specified the construction of this type of relative- 
locality theory still leaves open a choice among possible alternative ways of implementing such laws of momentum conservation 
through some boundary terms. We adopt a particular choice which we favor because it happens to be immune from the problem 



here highlighted in Subsection VD which instead is found to affect several alternative possibilities I31II32II . We qualify our 
choice of momentum-conservation constraints as the ones that are suitable for a description of translations in which "translations 
are generated by the total momentum", for reasons that will become clearer in the reminder of this section. The prescription we 
adopt will be generalized as we go along, but let us here start with the case of a single interaction, whose conservation law is 

0^k®{Qq)®{ep) ■ 



As already stressed in Subsection V C such a conservation law could be implemented by several inequivalent choices of ^^C'**' 



for the constraints on the endpoints of worldlines, including 

'Kf^^k®{Qq)®{ep), 

'Kf^^{Qq)®{Qp)®k, 

•J^n^k-ip^q). 

We find that this latter option ^^1 =k—{p®q) admits a consistent relativistic description of distant observers. Evidence of this 
will be provided throughout this section. But let us first notice that this sort of constraints is very intuitive: they implement the 
rather standard concept that the conservation law is such that the total momentum before an interaction should equal the total 
momentum after an interaction. And we shall show that this form of the constraints allows one to preserve the usual notion that 
translation transformations are generated by the total momentum (though of course in our case the total momentum is obtained 
in terms of the nonlinear composition law), even when several interactions are analyzed and particles are exchanged among some 
of the interactions. 

Essentially our proposal establishes that there is at least one way (at present we are unable to claim that it is unique) to 
address the challenge we earlier highlighted in Eq. (J6T]i. And the conceptual content of the solution we found for addressing that 
challenge exemplified in Eq. ( [6T] l is, as shown below, rather simple: the most basic notion of relativistic translation transformation 



is as usual generated by the total momentum acting on worldlines, but (as also shown in our discussion surrounding Eq. (61 1) 



the boundary terms used to enforce the conservation laws require that endpoints transform under translations in ways governed 



by (or at least conditioned by) the boundary terms. We handle the challenge illustrated by Eq. (61 1 by essentially finding a way 
to render these two demands compatible: we enforce the conservation laws through boundary terms written in such a way that 
when the worldhnes are translated by the total momentum then the endpoints automatically match the demands of the boundary 
terms. 

Let us start seeing how this plays out for a case with a single interaction, considering, for the interaction in Figureffl the action 

S'^^Sl^i. + Sl, = r ds{zl'k^-iz'hkQ + 0\(i,C^[k]) + r'" ds{x^p^-£x'pipo + %C^[p]) 

;+„ " (73) 

+ / ds {fq, - iy'qiqo + %a [q]) ~ ^q, ^'"^ (^o) , 
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where indeed for 9(P' we take 



"K^ {so)^kfj-{p® q)fj ^k^-p^ + i?)lqQPi 



(74) 



The equations of motion that follow from our action S^ are of course the same found in the Hamiltonian formulation of free 
K-Minkowski particles reviewed in the previous subsection: 






(75) 



,. = ^('^+^5{;^p, 



SPa- 



5/71 






7^ = %, 



5G#] 

5A:„ 



Sq'i 
^^0 5;ti ^' 



= 5(;^ (2<?o - tq^i) - 25';% (qi - iqoqi ) , 
= 5^;a4. {2ko - ik\) - 25^;a4 (^i - ^^o^i ) ■ 



(76) 



And the interaction at 5 = sq produces the boundary conditions: 






SPa- 



""Spi 



^(^"^ ^ -^Pl (^ +^^«^^') = ^[01 +^^«^P1'^^ +^^«^[V'' 



z%.o)=^roii^+^5^^^ 



5fc,, 



5/t, 



^O^IOl^l 



(77) 



The mechanism for relative locality which we already discussed above is evidently also present here: the boundary conditions 
establish that if the observer is local to the interaction, i.e. ^j'^, = 0, then all endpoints of the semiinfinite worldlines are in the 

origin of the observer If instead ^fi, ^ the endpoints of worldlines do not coincide. 



It is also easy to check that our equations of motion (75 i, (76 1 and boundary conditions (77 1 invariant under deformed trans 




/CM = k-{p®q) 



Figure 4. The choice of ^ we adopt for the case of a single interaction with 1 incoming and 2 outgoing particles. 
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lations generated by the total momentum acting on coordinates 

xl{s)^X%s)+lf{{p®q),.A^A{^^)~b''~lb\py+qi), 



^l{s)^x\{s)+b^'{{p®q)^,x'}^x\{s)-b 



''g'l , 



yl{s)=y\{s) + lf {{p®q)„y'}=y\{s)~b'-lb'po , 

z°sis)^zlis)+b^{k,,z'}^z'As)-b'~ib'k,, 

zh{s)^zi{s)+b^{k,,z'}^z\is)-b'. 

It should be noticed that we essentially prescribe that a given point of a given worldline is translated by acting with the total 
momentum written in the way that is appropriate for that point of the worldline, so that, in the specific example here under 
consideration, all points with s < sq are translated by kfj whereas all points with s > so are translated by {p®q)^- 



The invariance of the equations of motion is easily seen by observing that Eq. ( 75 1 guarantees that p^ — 0, q^t — Q,k^~Q and 
that the translation transformations depend only on momenta. Considering for example the worldline x'^', and assuming of course 
that both observer Alice and observer Bob adopt the equations of motion 

'^[B\^^\ 8p^ +^^0 5^^ PI 



one indeed finds that the translation transformations 



x%s)^xl~b'-ib\pi+qi), ^^^^ 

xiis)^xi-b' 



are such that i^, = .tT^, (since momenta are conserved). 

And the invariance of the boundary conditions is easily seen by directly checking that the boundary conditions for Alice are 
mapped by the translation transformations into the (identical) boundary conditions for Bob. For example, we have for Alice 



and the translation transformations ( 80 1 map this into 



X^^^^{so)^X^^^{so)-b^'-mp,+q,) = ~^l]A(^+e^O 

= ^|;,^+^8^^foiA(/'i+'?i)-^'-^8o(/'i+'?0 = -(^[o]A-^rf^+^5^^^ (82) 







^So^^Pi 



Besides checking the invariance of the equations of motion and the boundary conditions, which however already ensure that 



our translations are physical symmetries, it is also valuable to apply the translation transformations ( 78 i to the action ( 73 i, so 



that we can find the relation between the action of Alice and the action of Bob (distant from Alice). We find 

SS^S^+ r ds {-Vk^) + / ds {-Vp^, - eb^qipo) 
+ rds{-b^q^-£b'poqi) +Aeo,!^™(*o) ■ 
where A^jjj, = ^j'g,^ — ^jjj,^ . Substituting s' = —s in the first integral and then relabeling i' — > ,s , one then gets 
AS^'^S^-S^ - l°°ds{b>' ik^-p^-q^,) ~eb^ iqiPO+Poqi)) + A^'(q^!K^°Hso) . 
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Then using Eq. ( 74 1 we find 



AS'^^S^^S^ = I dsj^ [lf'4"'\ +M,l^^'4'\so) . 



(83) 



The total derivatives contribute to the boundaries in such a way that, for the difference ( 83 1 to be null, it must hold 

(a^j;]-//')^[''1(.o), 

from which we see that the ^J'q, translate classically: 



(84) 



And when the observer Alice is distant from the interaction, i.e. ^|', . ^ 0, one can always find through such translation 
transformations an observer Bob local to the interaction and for whom the endpoints of worldlines match: 



-(^-^^^fe+^^o^'-h^' 






\^ 5^^ ^""'^ 5qi 



(85) 



-i^l^b^) 



y\ I ^^ , ^s^^^ 



bk, ' ^ " 8ki 



-h\=0. 



B. Causally connected interactions and translations generated by total momentum 

Our next challenge is to deal with causally-connected interactions. We show in figure the case we here analyze as illustrative 
example. 



/Cl^l =p®q-[p'®p" © q) 




m = k-{p®q) 



Figure 5. The case of causally-connected interactions analyzedin this subsection. 



Of course, there is no difficulty generalizing to this case the bulk part of the action: 



*0 



ds [x"'p'^ - ix"p\p'^ + %,a [p'] ) + j^ ds (x">-"^ - &" V'lV'o + %,"€. [p"] ) 
ds{y^q^-iy^qiqo + %CK[q]) ■ 



(86) 
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For the description of the interactions we take a case characterized by the following conservation laws: 

p(Biep")®iep')^o. 

And we propose an implementation of these conservation laws that is compatible with a relativistic description of distant ob- 
servers, based on adding to the action constraints with 

!K}''^=k-{p®q), 

'K^^'^^{p®q)-{p'®p"®q), 
i.e. 

"Ki, =k^-{p® q)p = k^- p^-q^- i?>lpoqi , 
i^''l = {p®q)^ - {p'®p"®q)^ = P^-p'^-p'i.-fK (-Po^i +PoP'i+Poqi +pUi) ■ (87) 

For the constraints we are again implementing our prescription of writing them in terms of differences between the total 
momentum before the interaction and after the interaction. It may appear that in doing so we included in the constraints some 
irrelevant pieces (it is easy to verify that the conservation law ^'■^' = is actually independent of ^^, which is the momentum 
of the particle that is only a spectator of the interaction occurring at s = si). However, as we shall see, those extra pieces, while 
irrelevant for the physical content of the conservation laws, do play a role in the description of translation transformations and 
ensure the availability of a relativistic description of distant observers. 

To show this let us then start by writing the full action for the two-interaction case on which we are presently focusing: 

^"'^^ = -ShM +'S^n?^ ^ r ds {z% - iz^kik + 9^a [k]) + r ds (x^/)^ - &Vi/^o + %a \p\) 

J-oo JsQ 

°ds (x"'p'^-ex''p\p'o+%,a [p']) + r'^ds{x"^'p%-ex"'p'(p"f,+%„a [/]) 

^ ^ •^■^•1 (88) 

ds {fq^ - ey^qiqo + %Ck [q]) 



where indeed with ^C^"! and ^'■^' we take respectively k— {pQ)q) and (p (B q) ~ {p' (B p" S) q) ■ 

It is again straightforward to derive the equations of motion (and constraints) that follow from our action 5*^*^^' : 

/?A/ = 0, qp = 0, kf, = Q, p'^ = 0, p'^ = 0, 

abl-o, CkM-o, a[k]^o, a\p']^o, a\p"]^o, (89) 

-*" = ^(^^+^^o^^0 =^o%{^Po-^p\)-28';%ipi-£poPi) , 
'' = %(^^+ed'o^¥^qi) =K%{^qo-eql)-25';%{q,-£qoqi) , 



y -^^^ -q, '-^> 5q, 

t^ = ^(^^^+t5^^^^ki^ ^%^{2ko-ekj) -25t^ik,-£koki) , 
^" = ^' (^^+^^«^^/'i) =^o%'{2Po'^P?)-25',%>{p\-ep'op\) , (90) 



25 



And also the conditions at the s — sq and s = si boundaries produced by the interaction terms are of rather standard relative- 
locaHty type: 



^^(*o) = -a 



5^ 



-£5f^ 



A^i) = ^n] 




mUki 



5%^ 



1] 



£5r^ 



1] 



^"^(^i)=-^r. 



Spfi 5pi 



-/'I 



-^5^^[i](pi+?i), 
(91) 



However, thanks to our tailored choice of momentum-conservation constraints the boundary conditions at the two endpoints 
of the finite worldline exchanged by the two interactions (the finite worldline of particle coordinates x^'{s) and momentum p^) 
match just in the right way to allow implementing as a relativistic symmetry the following translation transformations, generated 
by the total momentum 



4(^ 

xlis 
xl{s 

Xb[s 
x's{s 
x'% 
x"',{s 



= z\{s)+l/{k,,z'}^z\{s)~b\ 

= xl{s)+b''{{p®q)^,x''}=xl{s)-b''-ib\px+qx), 

^x\{s)+b''{{p®q)„x''}^x\{s)~b' , 

^ylis)+b>'{{p®q),y}^y'iis)-'b' 



eb'qi , 

ib^po. 



(92) 



= x"Xs)+b^{ip'(Bp"®qUx"'}^x"iis)~b"-£b\p\+p';+qi) 
= x'\{s)+b^{{p'®p"®q)„x"}=x'\{s)-b', 



//O, 



= x'%)+b^{{p'®p"®qUx"'}=x'%)-b'-ib\p'( + qi), 



.."1 



{s)+b''{ip'®p'®q)„x"'}^x"l,is)~b 



^'P'o 



It is again straightforward to see that these transformations leave the equations of motion ( 90 1 unchanged by noticing, as done in 



the previous subsection, that the only non trivial terms in the deformed translations ( 92 1 depend on momenta and the momenta 
are conserved along the worldlines. 

And it is also easy to verify that our translation transformations leave the boundary conditions unchanged. In order to give an 
expUcit example let us check the case of .^c"'': substituting the translation calculated in Eq. (92 1 



.."0 



{s)=x' 



.//O 



ib'ip'{+qi), 



..//I 



.'/I 






^'p'o 



in the boundary conditions (91 1 



4"{s,) 




^?.s+e^miqi+p'l)^ 



4H^i) = -^l 



= ^i1b(1+Vo 



0) ' 



we find 



4''(^i)-^[i]«-^^[i]fi(?i+p'i')=-^"!!(^i)-^[i]A-^^[i]A(?i+K), 

A\^l)-Vl,]Bi^+iPo)^AHsi)-V[^Ail+iPo)- 
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which is evidently consistent with our boundary conditions. 

Thus we did succeed: even in the case of finite worldHnes, causally connecting pairs of interactions, our prescription for 



boundary terms does ensure translational invariance, addressing the challenge highlighted here in Section V D And our relative 



locality distant observers are connected by relativistic transformations generated by the (0-deformed) total momentum. 

The invariance of the equations of motion and boundary conditions under our translations generated by the total momentum 
is also manifest in the properties of the action under these translation transformations. In fact, it turns out that these transla- 
tion transformations do change the action S'^^^K but only by terms that do not contribute to the equations of motion (once the 
constraints are taken into account). In order to see this explicitly let us start by noticing that we can split the integral for the 



worldline /?, x in ( 88 i in the following way: 



ds (/'pf, ~ Ix^popi +%Ck\p]) ^ ds (x^p^ - Ix^popi +%Ck[p])- ds (x^'p^ - Ix^popi +%Ck [p] 

So JsQ iii 



So we can separate in the action (88 i the contributions relative to the interactions at sq and si (contributions with boundary at sq 



and contributions with boundary at s\). The part relative to the vertex ^o is the same as the action ( [73] l analyzed in the previous 
section. We consider then only the contributions with boundary at si: 

AS^!^^ ^~ j ds {-yp^ - Ib'qipo) + f ds {~lfp'^ ~ et'p'lp'o - ib^qip'o) 

+ rds{-lfpl-lb'q,p'^-lb'p'^p'[)+Ai,lM'\s,) . 

This evidently can be rewritten as 

Asf^ = rds{lf{p,-p'^-pl)-ib' i-qiPo + p'IP'o + qiP'o+qiPo+PoPl)) +A^|;]^W(.i) , 



which, taking into account Eq. ( 87 1, gives 



A5..f' 



ds . 
,, V ds 



d r 



b^'4'^-ib'94'^qA+A%.'4'\s 



The total derivative contributes as before to the translation of ^|'.,: tlf.,„ = ^j', . — ^. In addition there is a left over bulk term. 



JSi 



[i]-MilB" 



dsib^!K^^^qi 



m 



but it is evidently inconsequential for what concerns the equations of motion. In fact, varying this left-over term one finds 

I°°dseb^(8!}4'^qi + 'l4%l 



f 

J St 



ds£b^ { 5'4^^qi - O^^hqi + j^'4%qi 



And the 3 terms in this expression contribute to equations of motion and boundary conditions only terms which are already fixed 
to vanish because of constraints derived from other parts of the action (specifically pfj — Q , q^j — Q , p' = , p^ — and 



C. Aside on an alternative choice of action 



In the previous subsection we showed that causally-connected interactions, with relative locality, can be formulated consis- 
tently with translational invariance, and therefore admit a relativistic description of distant observers. Crucial for our result was 
noticing that the equations of motion and the boundary conditions are invariant under our proposed translation transformations, 
generated by the total momentum, even though those translation transformations did not leave the action unchanged in the bulk. 
For completeness in this subsection we want to show that exactly the same physical proposal of the previous subsection can be 
given in terms of a different action, with slightly different boundary terms (at endpoints of worldlines). 



27 

Ultimately the difference between the two alternatives we shall then have amounts to the properties of the two actions under the 
same laws of translation transformation: the case in the previous subsection was such that translation transformations changed 
the action in the bulk (but without changing the equations of motion), while the case we discuss in this subsection will turn out 
to be such that translation transformations change the action on the boundary, but without affecting the boundary conditions. 
The two actions give exactly the same physical picture. 

We consider exactly the same configuration already analyzed in the previous subsection, but (as hinted at in Fig.|6]) in addition 
to the constraints given in terms of 



•K^'\s,)^{p®q)~{p'i 



)q) 



we add, as a technical expedient, another interaction also at .s- = 1, a bivalent interaction (a non-interaction) characterized by the 
a constraint given in terms of 



/Cl^l =p®q-{p'®p" ® q) 




/CM = k-{p®q) 



/Cl^'l = p © g - (p © g*) 



Figure 6. Our choices of boundary terms for a pair of causally-connected interactions, when using the expedient of a bivalent interaction in 
combination with the second trivalent interaction. 



The added (fictitious) bivalent interaction leads to replacing the action 5'^'^' with 



+ / ds{fq^-£y'qiqo + %CK[q])+ ds {ytq^ ^ £ylq*iq*o + %. CAq*]) 
Jso Js, (93) 

+ jys(x'^p'^~i^'p\p'^ + %,a [p]) +jys{x"^'p\~£x"'p'ip\ + %„a [p"]) 

In Appendix A we show that this action produces exactly the same equations of motion and boundary conditions as the action 
considered in the previous subsection, with only peculiarity that (as suggested by the drawing in Fig.l6]l the worldline y^, q^j of 
the previous subsection gets here fictitiously split into two perfectly-matching pieces of worldline, a piece labeled again y , q^j 
and a piece labeled 3^, q* . 

The same applies for our description of translation transformations generated by the total momentum, which for the action 
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5k:(2 ) takes the form 



4(^ 

ysis 
yfis 

Vb [s 

lO, 

Xb[s 
x'b{s 
x'% 



-zl{s)+lf{k„z'} = z%^)-b' 



'k, 



^x°^is)+b^{{p®q)^,x°}^x^^{s)-b''-eb\pi+qi) 
= xi{s) +b^{{p®q)f„x^} = xi{s) - b^ , 



= yAi^)+b'{ip®qW}^ylis)-b'-ib'qi, 

= y\{s)+b''{ip(Bq),y}^y\is)-b'~£b'po, 

= yfi^)+b'{ ip' ® / ® ?*)„/"} = yf{s) -b'- ib'q\ , 
^y\\s)+b^{[p'®p"®q*),y'}^y\{s)-b'-ib\p', + pl), 

= x%) + lf{ {p' ® p" ® q%,x'^) = x'l is) - fe« - lb' ip[ + p'l + q*,) 

= x2is)+b>'{ip'®p"®q*),y}^x'\is)~b' , 

= x'i^{s)+b^'{{p'®p"®q*U^"}=A{^)-b'-ib\p'l + q\), 

^x'i\s)+b^'{ip'®p"®q*)„x'"}^x"[{s)-b'~ib'p'o. 



(94) 



These translation transformations are symmetries of the equations of motion and boundary conditions (given in Appendix A), 
and they essentially are the same translation transformations we discussed in the previous subsection, up to splitting again 
fictitiously the worldline y^, q^ into pieces y , q^ and y^, q* 

It is also easy to check that the action S^^^ ' does change under this translation transformations, but only by an amount that 



can be expressed in terms of other boundary terms. Indeed repeating the same steps as before, i.e. substituting the relations ( 94 1 



in the action ( 93 1, and repeating the algebraic manipulations showed previously, we find 



K(2') 

^B 



s. 



K(2') 



-ib'^Ki'^-K}''^ 



(95) 



And it is particularly clear that this additional boundary term for the "translated action" is irrelevant: it has no implication on the 
boundary conditions (it would produce additional boundary conditions which however are automatically satisfied once the other 
boundary conditions are enforced). 



D. The case of 3 connected finite worldlines 



At this point we have established that at least in the simplest applications our prescriptions do provide the desired relativistic 
picture. In order to motivate our next consistency check it is useful to look at available results on relative locality from the 
following perspective: 

• with the Hamiltonian description of relative locality for free particles given in Refs. Ill5til8l one essentially obtains a charac- 
terization of relative locality limited to infinite worldlines; 

• with the Lagrangian description of relative locality for interacting particles proposed in Ref. HI the availability of a relativistic 
description of distant observers had been checked explicitly only for semi-infinite worldlines (a single interaction); 

• the results reported so far in this section generalize the results for distant observers of Ref. yj to the case where one of the 
worldlines is finite (a worldline exchanged between two interactions, establishing the causal relation between the two interac- 
tions). 

In this subsection we provide evidence of the fact that our prescription is robust also for cases with several finite worldlines. 
We actually consider here a case which is very meaningful from this perspective: the case shown in Figure [7] which includes a 
vertex where 3 finite worldlines meet. 

Following the prescription we are advocating the situation in Figure iTlrequires handling boundary terms with 



!](_W=k'®k"-p®q®k" , 

5(CP1 ^p®q®k" -p'®p"®q®k" , 

•KP^ =p' (Bp" ®q®k" -p' ®p" ®q' ®q" ®k" 



(96) 
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Figure 7. The case with 3 connected finite worldlines which we consider in this subsection. 



We therefore describe the chain of interactions in Figure 17] through the following action: 

_^i3conn) ^ f^s {z%- lz^hka + 9^C[k]) + T" ds {z!%- lz!'^k'{k'^ + H,'' C[k\) 

J-oo J JO 

+ /" ds (z'"^V - ^z"^i^o + ^'C[k]) + /" ds (xV;. - ^xViPo + %C\p\) 
+ I^^Jds[x^''p^^-ix''p\p^, + ^,C[p^])+I^Jds{x^^%-ix^^^ 
+ r ds {/'q^, - iy'qm + %C [<?]) + f^" ds (y'^q'^ - ly'^q^q'^ + %,C [q'] ) 
°ds{y"%-ey"W(4 + H>.C[q"]) 



-t!(^^!4'\so)-%]!4'\^i)-^'(2]'4'\^2)~%]'4'\s,) 



For what concerns equations of motion and boundary conditions we have 
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p^ = o, p'^ = o, p; = Q, q, = o, <?; = o, ^; = o, k, = o, k'^ = o, k';, = o, 
a[p]^o, a[p']^o, a[p"]^o, aM-o, ^^1=0, ai/i-o, aw = o, aM = o, ^[^"1 = 0, 



i^-% 



sab] 



_^5.5ab] 



§pi 



Pi 



0, i'-^^(^+^5^^.;Uo, i--%« ^+^5(;m'/Uo, 



8pL 



5p\ 



5p" 



5p'l 



r-^{-^.^-^.)-o^ /-^'(^-^o^^O^o, r-^^.^^.^f.'i)--o^ 
^-^r%M^,5^^,A.o, .'-^'f^+.5^^.;Vo, t"^^^'('^^i^W^';]-o, 



K 



K 



5fc'/ ' 
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^^0 5k' "' 






And our notion of translation transformation to a distant observer is such that 

x]^=x\+bf{{p(S)q(S)k")^,x^}^x'}{s)-b^ , 

x'j^ =x'^+b^{{p' ®p" ®q®k"),,x"'} =x'^{s)-b'^ -eb\p\+p';+qi+k'() , 

4 ^x'^+b^{{p'®p"®q®k'%,x'^}^x'^{s)-b' , 

xf =xf + lf{{p' ®p" ®q®k'%,x"^} ^xf(s)-b^ -lb\p'[ + qi+k'l) , 

x'l,' =xl^ +lf{{p' ®p" ®q®k'%,x"^} ^xlHs)-b' -lb^p[, , 

y'B=y'A+i^{{P®q®k'\,y'} =y%)^b' -lb\q,+k'[) , 

y]i=y\+b^{{p®q®k"),y}=y\{s)-b' ^ib'p^u 

y'l ^y'^ + b^{{p' ®p" ®q' ®q" ®k'%,y'^} ^y'^{s)-b^ -tb\q\+q'[ + k'[) , 

y'B =y'I+b''{ip'(Sp"(Sq'(Sq"(Sk'%,y"}^y2{s)-b'-£bHp'o+p'^) , 
y'^'^yT + b^{{p'®p"®q'®q"®k'Xy^>}^yf{s)-b'-£b\q'( + k'(), 

y'B ^y'A +l^{{p' ®P'' ®q ®q' ®k'Xy'}^y'i\s)-b' ^£b\p'o+p'i+q'o) , 

zl=zl+b^{k„z°}=z%s)-b'-ib'ki , 

zh^zi+b^'{k„z'}^z\is)-b\ 

z's'^zUb'{ik'®k'%,z"'}^z'^is)-b'-ib'ik\ +k'l) , 

z'^ =z!l+b>^{{k'®k'%,z!'}^z!}{s)~b' , 
z';,'=z';^^+b^{{k'®k'X,z"'}^zT(s)-b'-£b'k'(, 
4' ^zT+b^{{k'®k'%,z"'}^z'i\s)-b'-£b'k'o . 

It is then easy to check that also in this case the equations of motion and boundary conditions are left unchanged by our 
notion of translation transformation to a distant observer. This is also verifiable by studying the implications of our translation 
transformations for the action ^i^'^""")^ to which we devote Appendix B. 
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VIII. IMPLICATIONS FOR THE TIMES OF ARRIVAL OF SIMULTANEOUSLY-EMITTED ULTRARELATIVISTIC 

PARTICLES 



In the previous section we established the basic notions and key characterizing results of our proposal of a first example of 
prescriptions for boundary terms ensuring a relativistic description of distant observers within the relative-locality framework of 
Ref 1 1 1, with a lagrangian formulation of interacting particles. 

In this section we extend the scopes of our analysis slightly beyond basics, by focusing on a first point of phenomenological 
relevance, concerning observations of distant bursts of massless particles. 

In the process we shall also show that there is an appropriate limit where our more powerful formalism reproduces the previous 



results (here reviewed in Section VI I of the Hamiltonian description of free K-Minkowski particles. 



A. Matching Lagrangian and Hamiltonian description of K-Minkowski free particles 



Let us indeed start this section by showing that our proposal for translation transformations, besides fulfilling the demands of 
relativistic consistency verified in the previous section, also has the welcome property of reproducing the previous results (here 



reviewed in Section VI i of the Hamiltonian description of free K-Poincare particles. Of course this occurs in an appropriate 
limit of our framework, since in general our framework describes interacting K-Poincare particles. A key observation from this 
perspective is that a particle is still "essentially free" when its interactions only involve exchanges of very small fractions of its 
momentum. 

As an illustrative example of a situation where these concepts apply and the mentioned "free Hamiltonian limit" is matched, 
we consider the situation shown in Figure [8] 




Figure 8. Schematics of a pion decaying into a soft and a hard photon, with the hard photon ultimately detected through an interaction in which 
it exchanges a small part of its momentum with a particle in a detector (hard worldlines in solid blue, soft worldlines in dotted red) 



Notice that the situation in Figure [8] is also relevant for the description of observations of gamma-ray bursts: the incoming 
blue worldline p,x could be, e.g., a highly boosted pion, which decays at the source, producing a gamma ray ip' ,x') and a very 
soft photon (kjz)', then the gamma ray propagates freely until its first interaction at the detector, where it exchanges a small 
amount of momentum with a soft particle {q,y). So we can ask if and how the time of detection of the gamma ray depends on its 
momentum /?'; thereby obtaining a prediction for the large class of studies which is considering possible energy/time-of-arrival 
correlations for observations of gamma-ray bursts (see, e.g., Refs. Il33l436l ). 

An action which is suitable for the relative-locality description of the process shown in FigurejHlis 

5'^(2) = r°°ds{z%-ez^kik+9^a[k]) + rds{x^p^-ix^pipo+%a[p]) 

J Sq J— oo 

+ /" ds (x'^p'^ - ex''p[p'o + %'a [p'] ) + r°°ds (y W - ^^"V'lV'o + ^"^ [P"] ) 
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where 

1Q \so) = iq®p)ij-{q<S)p'®k)^ = p^-p'^-k^-idl{-qopi+qop'i+qQk'i+p'Qki) , 

3(;''l {si) = {q®p'®k)^~ {p" ®q'® k)^ = ^^ + p;L - P|; - < - ^§i(-^op'i - qah - p'oh + pUx + Poh + q'oki ) . (100) 

And, following the procedure we already used several times, from this action one obtains easily the equations of motion and 
the constraints, 

P^ = , q^j = , k^ = , p'^ = , pI^O , 

abl^o, aM=o, aM^o, a\iA^Q, Ck[p"]=o, 

^?>C,\p'] ,\ .„ , ( ^Ck[p"] ^ „^?>Cy\k] „ 





and the boundary conditions: 



z'{^o) = -^l 



-"-(■^o) = -% ( ^ +^5;^^yi ) , ^%s,) = ^l, { ^ +£5^^M 




For the first time in this manuscript we are in this section interested not only in establishing the relativistic properties acquired 
through our prescription for the choice of boundary terms, but also on the predictions of the formalism for what happens to 
particles. Evidently here the issue of interest is primarily contained in the dependence of the time of detection at a given detector 
of simultaneously-emitted particles on the momenta of the particles and on the specific properties of the interactions involved 
in the analysis. We shall analyze this issue arranging the setup in a way that renders transparent the comparison with the 



Hamiltonian treatment of free particles reviewed in our Section VI We start by noticing that for the particle of worldline x^, we 
have 

x\s)^x\s)+vHx^{s)-x^{s)) , (101) 

which in the massless case (and whenever m/ p\^ <ti |^/?i | takes the simple form 

x\s)=x\s)-rP^ix\s)-x'{s)) . (102) 

\PU 



In obtaining (102 1 we used the on-shell relation 



i 



2 _L i»,2 n? 



Po = \/Pt + m'---pi 
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and the fact that for mjp\- <SC \ip\ \ (consistently again with our choice of conventions, which is such that v^ > =^ p^ < 0) 

x^' PQ 2po \pi\ 



Just as in Sec. VI we have momentum-independent coordinate speeds for massless particles, so in particular according to 



Alice's coordinates two massless particles of momenta p\ and p'l simultaneously emitted at Alice (in Alice's spacetime origin) 
appear to reach detector Bob simultaneously, apparently establishing a coincidence of detection events. But, as stressed already 



in Sec. VI the presence of relative locality evidently requires that in order to establish the dependence of the time of detection 
on the momentum of the massless particles we must again transform the relevant worldlines to the corresponding description by 
an observer Bob local to the detection. Let us then return to the two-interaction process of Fig. [8] and take as our hard massless 
particle of momentum p'l the particle in that process which we had originally labeled as having momentum p[. For the process 
of Fig.lSlour description of the transformation from Alice's to Bob's worldlines is 

zUs) ^ z'iis)+I/'{{q®p' ®k),,z'} ^z'i{s)~b'> ~ib'ki^Z^Ai^)-b\ 

zi{s)^z\{s)+l/'{{q®p'®k),,z'}=z\{s)-b'-£{p'o + qo)^z\{s)-b'~£b'p'o, 

xlis)=x'i{s)+b^{{q(Bp)„x'>}^x^^{s)-b'^-eb'pi, 

xi{s)^x\{s)+b^'{{q®p)^,x^}=x\{s)-b^-iqo:^x\{s)-b^ , 

x%)^x%)+b^{{q(Bp'(Bk)^,x'^}^x%)-b'^~£b\ki+p\)c^x%)~b^~ib^p\, 

Ais)=x\{s)+b>'{{q®p'®k)^,x'^}^x'A{s)-b^~£qo:^x'A{s)-b^ , 

x'%)=x'%)+b^{{p"(Bq'®k)„x"''}^x'%)-b''-£b\q\ +k, + p'[) ^ x'%) - b'' - £b' p'[ , ^^^^^ 

x"sis)=x"\{s)+b^{ip"(Bq'®k)^,x"'}^x"\is)-b' , 

yl{s)=yl{s)+lf{{q®p'®k),,y'}^y%)~b'~lb\p\+k,+q,)c,yl{s)-b'-lb'p\, 

yl{s)=y\{s)+V{{q®p'®k),,y'}^y\{s)-b\ 

y%)=y%)+lf{{p" ®q' ®k),J'}^y'^\s)-b' -tb\h+q',)^y'j,\s)-b\ 

y'B{s)^y'\{s) + lf{{p"®q'®k),,y"}^y'A{s)-b'~£b'pl. 

Using these transformation laws it is easy to recognize that, having dropped the negligible "soft terms" from small momenta, 
indeed we are obtaining results that are fully consistent with the ones obtained in the hamiltonian description of free particles. 
To see this explicitly let us consider the situation where, simultaneously to the interaction emitting the hard particle x' ,p' in Alice 
origin, we also have the emission of a soft photon Xs,ps- 

And as observer Bob let us take one who is reached in its spacetime origin by the soft photon emitted by Alice. For the event of 
detection of the hard particle x',p' we take one such that it occurs in Bob's spatial origin. 

From a relative-locality perspective the setup we are arranging is such that 'Alice is an emitter" (the spatial origin of Alice's 
coordinate system is an ideally compact, infinitely small, emitter) and "Bob is a detector" (the spatial origin of Bob's coordinate 
system is an ideally compact, infinitely small, detector). The two worldlines we focus on, a soft and a hard worldline, both 
originate from Alice's spacetime origin (they are both emitted by Alice, in the spatial origin of Alice's frame of reference, 
and both at time tAiice = 0) and both end up being detected by Bob, but, while by construction the soft particle reaches Bob's 
spacetime origin, the time at which the hard particle reaches Bob spatial origin is to be determined through our analysis. 

rii/./ 

Reasoning as usual at first order in i, it is easy to verify that Bob describes the "interaction coordinate" t}^' of the interaction 
ats = si as coincident with the s ~ si endpoints of the worldlines x',p'; x",p"; q,y; q' ,y': 

^f^x'/{s,) =x7(.i) =3^(.i) ^y','{s,) . (104) 

We take into account that there are no relative-locality effects in the description given by Bob whenever an interaction occurs 
"in the vicinity of Bob": our leading-order analysis assumes the observatories have sensitivity sufficient to expose manifestation 
of relativity of locality of order £phL (where L is the distance from the interaction-event to the origin of the observer and pi, is a 
"suitably high" momentum), with L set in this case by the distance Alice-Bob, so even a hard-particle interaction which is at a 
distance d from the origin of Bob will be treated as absolutely local by Bob if li ^ L. 

According to this both "detection events" are absolutely local for observer Bob: of course this is true for the event of detection 
of the soft photon Xs,ps (which we did not even specify since its softness ensures us of its absolute locality) and it is also true for 
the interaction-event of "detection near Bob" of the hard particle x',;?'. Ultimately this allows us to handle the time component 
of the coordinate fourvector ( 104| i as the actual delay that Bob measures between the two detection times: 

At^i,f^x',\s,)=x'^\si) =yO(.i) =^°(^i) . (105) 
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From the equations ( 103 i relative to the worldline x',p', it follows that 

x'j,\sx)^x'B\sy)+b'=b' , (106) 

from which, considering the worldlines ( 102i, it follows that (assuming indeed m/(/?j)^ <C |^pj|) AUce "sees" the s = s\ endpoint 
of the worldline x' , p' at the coordinates 



^a(^i)=-^b(^i) + ^ = ^ = (^>^)- 



(107) 



And then, from the equations ( 103 1 and ( 105 i, it follows that Bob measures the delay 

M^,'s\sr)^y!l{si)-b''-ib'p\^lb\p\\, (108) 

in agreement with the result (71 1 found in the Hamiltonian description. These findings are summarized in Figure [9] 



«roiA=(o,o) 



ffi]^ = {6 + ft|ft|,6) 




ii,y ,. 



ff;,5 = (ft|pil,o) 




&B = {-b,-b) 



Alice 



Figure 9. Schematic description of the time delay derived in this subsection. The various agents in the analysis are shown both as described 
by Alice (left panel) and as described by Bob (right panel). These are spacetime graphs (in a 2D spacetime) showing the actual worldlines 
of particles. In addition to the two hard interactions we are considering (qualitatively described already in Figure [Sl, we also show (as the 
orange-dotted worldline) a soft photon going from Alice's origin to Bob's origin. As shown in the figure we have arranged the calculations 
in this section so that all emissions and detections occur in the spatial origin of either Alice or Bob (but because of the relative locality 
according to Alice the hard detections at/near Bob would be nonlocal interactions and according to Bob the hard emissions at Alice would be 
nonlocal processes). We also show, as the bulky green dots, the formal positions of the interaction points, as coded in the formal "interaction 
coordinates" tf. 



Since we are dealing with a momentum-space with torsion, i.e. the momentum composition law is noncommutative, it is 
interesting to check whether this result establishing agreement with the Hamiltonian description of free particles also holds for 
other choices of ordering of momenta in the conservation laws (and accordingly in the boundary conditions). 

An interesting alternative for the conservation laws and boundary conditions of the process in Figure [8]is the following 



^\so)^{p(Sq)^-{k 
'4'\si) = {k®p'®q)^-{k®p" -^ " 



) p' © q)f, ^Pfi-p'^-k^- i^li-poqi + kop'i + koqi + p'oqi 



'm(..^-. 



Q )t> = p^, 



qtt-pl-%- ^^l,{-kop'i - koqi - p'oqi + kop'( + koq[ + p'^q'i ) . (109) 



Going from the previous version of the boundary conditions to this one does change several things in the analysis, but it easy to 
see that it does not change anything about the "free particle" x' ,p'. With these conservation laws and boundary conditions the 
relationships between Alice's worldline x' and Bob's worldline x' are codified in 



.,'0/ 



jO 



/O/ 



x%{s)^x''^{s)+b^'{{k®p'®q),,x'''}^x'''j,{s)-b''-ib'{qi+p\)o^x''i{s)-b''-B'p[, 



x'l,{s) ^x\{s)+b>'{ik®p' (Bq)„x"} =xi{s)-b' 



,{s)-b' 



(110) 
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And using the equation of motion ( 102 1 one easily checks that then the relevant particle reaches Bob's spatial origin at the time 



At^x'B°isi)=x%i)-b^-ib'p[=eb\p\\, (111) 

in perfect agreement with the result of Eq. ( |108| l, which had been obtained with the other choice of ordering of momenta in the 
conservation laws. 

So we find evidence of the fact that the properties of "free particles" (particles exchanging only small fractions of their 
momentum) are insensitive to the ordering chosen for the law of composition of momenta. 

And for what concerns bursts of simultaneously emitted massless particles, such as in a gamma-ray-burst, this derivation 
predicts differences in times of arrival governed by the formula 

^arrival ^ iL\Api\ , 

where L is the distance from source to detector (the corresponding translation from observer at the source to observer at the 
detector has b'' = {L,L)) and \Ap\ \ is the difference of momentum among the two massless particles whose arrival times differ 
by Af„,-„v„/. 

The derivation in this subsection establishes this result for cases where the interaction at the source emitting the particle of 
interest only involves one hard particle in the in state and one hard particle in the out state (all other particles involved in the 
interactions being soft). 

B. More on observations of distant bursts of massless particles 

In the previous subsection, in showing that our proposal (in an appropriate limit) matches the predictions of previous Hamil- 
tonian descriptions of relative locality for free particles, we also showed that, at least for certain types of emission and detection 
interactions, our proposal predicts time-of-detection delays Atarrivai — i-L\Ap\ \ between simultaneously-emitted massless parti- 
cles with momentum difference \Ap\ \. This is very interesting because, as established in several studies reported over the last 
decade, such an effect is testable, even if £ is as small as the Planck lengtlp|(or even one or two orders of magnitude smaller than 
the Planck length |33-36|). 

We derived this time-delay result assuming certain types of emission and detection interactions. But evidently the structure 
of our formalism is such that it would not be surprising to find that the times of detection depended on the actual emission and 
detection interactions involved. In this subsection we intend to establish that this is indeed the case, and that the torsion of 
momentum space plays a crucial role in the relevant analysis. 

It suffices to modify the analysis of the previous subsection in rather minor way for us to show that the times of detection of 
simultaneously emitted particles depend not only on the momenta of the particles but also on the actual nature of the emitting 
interaction. We find that in order for this to occur there must be at least 3 hard particles in total, among in and out particles of 
the emission interaction. 

As an example of this we consider here explicitly the case of a ultraenergetic particle at rest decaying into two particles, both 
hard, one of which is the particle detected at our observatory. 

As shown in figure we arrange the analysis in exactly the same way as in the previous section, with a tri-valent vertex for the 
emission interaction and a four-valent vertex for the detection. And the kinematics at the four-valent vertex is left unchanged, 
involving a soft particle in the in state and a soft particle in the out state. We only change the kinematics of the emission vertex, 
now assuming that all particles involved are hard. 

And we shall again consider two possible choices of conservation-enforcing boundary conditions, suitable for exploring the 
role of the noncommutativity of the law of composition of momenta. The same two possible choices of conservation-enforcing 
boundary conditions already considered in the previous subsection. 

Let us start again by analyzing as first possibility 

Iff^iso) ^ {q®p)^,~{q®p'®k)^ = p^,-p'^,-k^-e5lX-qoPl +qop'i + qok'i + p'okl) , 
!^''l {si)^{q®p'® k)^ - {p" ®q'® k)^ = qfj+p'^,-p'^- < - edl{-qop'i - qoki - p'^ki + p'^q'i + p'^ki + q'oki ) . (112) 
The worldlines seen by observer/detector Bob, distant from the emission, that follow from this choice of boundary terms have 



been already given in Eq. ( 102 1. The main difference between the situation in the previous subsection and the situation we 



are now analyzing is that the "primary", the particle incoming to the emission interaction, is at rest, with pi — 0, which also 



' We introduced i" as a momentum-space property, with dimensions of inverse momentum. Wlien we mention the possibility of i of order the Planck length we 
are essentially using jargon, a compact way to describe cases where £^ ' is of order the Planck scale. 
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Figure 10. Schematic description of a case where a hard ultrarelativistic particle originating from a hard emission interaction (one hard particle 
in, two hard particles out) is detected in a soft interaction (only one hard particle in and only one hard particle out). Solid-blue lines are for 
hard particles, dashed-red lines are for soft particles. 



implies that the two outgoing particles of the emission interaction must both be hard. For the worldlines involved in the emission 
interaction this leads to 

xUs)^xl{s)+b^{{q®p)„x'^}=xl{s)-b''~eb'pi^xl{s)-b\ 



xli{s)=xiis)+b''{{q®p)^,x^}^xi{s)-b^-£qo~x\{s)-b^ 



x'l{s)=x''i{s)+b>'{{q®p'®k)^,x"'}^x'^A{s)^b^-ebHki+p[)=x'l{s)-b^ 
x%)^xi{s)+b''{{q®p'®k)^,x"}^x'],{s)-b^ ^iqo^x%)-b' , 
zl{s)^z'i{s)+b^'{iq®p'®k)„z''}^z'i{^)-b°-eb'ki, 
z'B{s)=zi{s)+b^{{q®p'®k)„z'}=z\{s)~b'-iip',+qo)^zi{s)-b' 



^'p'o 



(113) 



And from this one easily sees that the particle /?',x', the particle then detected at Bob, translates classically, without any 
deformation term. So this time we have that no momentum dependence of the times of arrival is predicted 



tdei 



=x^'(.i)=x;0(.i)-foO = o 



Next we show that in this case with the emission interaction involving only hard particles the noncommutativity of the com- 
position law, which had turned out to be uninfluential in the previous subsection, does play a highly non-trivial role. 
To see this let us consider, as in the previous subsection, the following alternative choice of !?C's for the boundary terms 



^ = {p ® q)^i - {k® p' ® q)jj ^ Pjj ~ p'^- kfj - £dl{~pQqi + kop'i + koqi + p'oqi) , 
^''' = {k®p'® q)^ -{k® p" ®q')f,^p'^ + qfj- p'/, -q'^- ^5^(-^op'i - ^0?1 - 7^?l + V/ + koq\ + pWl ) 



Focusing again on the worldline x' , /?' detected at Bob we now find 

x%)=x%)+b''{{k®p'®q)„x"'}^x%)-b''-eb\qi+p\)^x%)-b''- 
x'B{s)=x\{s)+b^'{{k®p'®q)f„x'^}^x'\{s)-b^-ib^ko. 



'V't 



And from the equation of motion ( 102 1 one now deduces that 

x%)^x%)~B\ko-p\), 
which in turn implies that the time of detection at Bob of the particle with worldline x' ,p' is 

tdetection = % (■'1 ) = ^-^^^ {P\ - h)) = 2ib^ \p'i \ . 

The dependence of the time of detection on the momentum of the particle being detected is back! 

And this dependence is twice as strong as the dependence on momentum found in the previous subsection! 
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C. Nonmetricity, torsion and time delays 

The results we obtained in this subsection are rather striking and deserve to be summarized and discussed in relation with 
previous related results. 

For what concerns times of detection of simultaneously emitted massless particles of momentum p\, emitted from a source at 
a distance L from the detector we analyzed 3 situations: 

(case A) the emission interaction involves only one hard incoming particle and one hard outgoing particle, all other particles in 
the emission interaction being soft: 
the times of arrival have a dependence on momentum governed by 

t detection = '■■'-^\P\\ 

and this result is independent of the position occupied by the momentum p' in our noncommutative composition law 

(case B) the emission interaction is the decay of a ultra-high-energy particle at rest, involves a total of 3 hard particles, and the 

momentum p' appears in the composition of momenta to the left of a hard particle: 

the times of arrival have no dependence on momentum 

^detection -— ^ 

(case C) the emission interaction is the decay of a ultra-high-energy particle at rest, involves a total of 3 hard particles, and the 
momentum p' appears in the composition of momenta to the right of a hard particle: 
the times of arrival have the following dependence on momentum 

t detection = 2tL|/7j | 

(twice as large as in the case A). 

We obtained this results working with our K-Poincare-inspired momentum space, with nonmetricity and torsion. 
The fact that it would be possible with such a momentum space to have that simultaneously emitted massless particles are not 
detected simultaneously at the same detector could be expected on the basis of the analysis reported in Ref 1 19|, whose main 
message was that indeed nonmetricity should result in the possibility of having simultaneously emitted massless particles that 
are not detected simultaneously. 

The nature and scopes of our study were such that we could for the first time investigate how the presence of both torsion and 
nonmetricity could affect these time-of-detection delays. And we evidently found that torsion can have striking effects, effects 
capable of changing the predicted new effect at order 1, and therefore effects that are as much within reach of ongoing and 
forthcoming experiments as the pure-nonmetricity (no torsion) effects. 

It should be stressed that what we found might even underestimate the significance of the effects of torsion on time delays (at 
least the effects on time delays of torsion, when also nonmetricity is present). This is because we contemplated a total of only 
3 cases for what concerns the kinematics and the conservation laws that are relevant for such an analysis. But even within the 
confines of our preliminary investigation we found a type of dependence of the time delays, not only on momenta of observed 
particles but also on interactions that produced them, which had never been encountered before in the literature and would 
therefore provide a very distinguishing feature of the model of momentum space we here adopted as illustrative example. 

IX. AN ALTERNATIVE CHOICE OF SYMPLECTIC STRUCTURE 

We showed in the previous section that the class of theories we are studying can have striking manifestation, whose magnitude 
is extremely small but within the reach of our observatories, at least when they observe particles at rather high energy from very 
distant astros {e.g. multiGeV photons from gamma-ray bursts at redshift greater than 1, as discussed in Ref. 1331 [35 ll and 
references therein). 

It is interesting to ask which of the novel feature of the framework we analyzed should be deemed responsible for these striking 
and testable novel effects. Specifically: is this due exclusively to the geometry of momentum space, codified in the momentum- 
space metric and connection? or is there also a role played by the choice we made above of a a "K-Minkowski inspired" 
symplectic structure? 

In this section we provide evidence of the fact that the choice of symplectic structure is completely irrelevant. The physical 
content of these relative-locality theories is fully codified in the geometry of momentum space. We argue this by adopting here 
the same geometry of momentum space as in the previous sections, the "K-momentum space", but changing the symplectic 
structure. We find that the predictions indeed do not change. 

We have verified this for all the applications of "K-momentum space" discussed in the previous sections. But let us report here 



explicitly only one case, the particularly noteworthy case studied in the previous Subsection VIII B 
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We then describe the process in Fig. [lOlby the following action 

5'^(2) = r°°ds{z%+9^a[k]) + rdsix''p^+%aip]) 






+ Tds {x'^p'^ + %y a [p] ) + 1 °°ds (x""/;"^ + %„ a [p"] ) 

Ao A, (117) 

" ds {y^q^ + %C^[q])+ /^°° ds {y'^q'^ + %, C^ [q'] ) 

which we take to be identical to the corresponding one written in Subsection |VIII B| with the exception of the evident change 
from the "K-Minkowski symplectic structure" of Subsection |Vni B| to the adoption here of a trivial symplectic structure: 

{x^,po} = l, {x\po}^0, (118) 

{/\pi}=0, {x\pi}^l. (119) 

The metric and connection on momentum space are still the ones of the "K-momentum space", and we consider again the same 
boundary terms also considered in Subsection ) VIII B | 

"JQ \so) = {q®p)^~{q®p'®k)f_,^ Pf^i-p'^-k^-ldlX-qopi+qop'i+qok'i+pQki) , 
!^''l {si)^{q®p'® k)^ - {p" <S)q'® k)f, = q^,+p'f,-p'^-q'^- t^l{-qap\ - qoh - p'oh + pU\ + Poh + ?o^l ) • (120) 
The change of symplectic structure does lead to some changes in the equations of motion 

Pp = 0-, qp = 0, kf, = 0, p'^ = Q, p'^ = 

a[p]^o, a[q]=o, a[k]^o, a[p']^o, a\p"]^o 

bk^ bqfj 

Wf, op^ 



and in the boundary conditions: 






^^(^o) = -^[oj5,^ 



,v 8!^' 






1] 



x"^{s,)^-^l. 



5^W 



/'(^i) = ^[i] 



bqfj 



fuf \ sv "Ay 



[1] 



but in spite of this the predictions remain unchanged. 



(121) 
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The changes in the equations of motion appear to take a rather tangible form at intermediate stages of analysis For example 
for the particle of worldline x^', we have 



%,^-^=hl%,{lpQ+lp\)-2h',%,{p,-tpQP,), 



from which it follows that in the massless case 



x\s)^x'{s)^^^^^tp^ {x\s)~x\s)) , 



(122) 



(123) 



and this is quite different from the corresponding formula obtained in Subsection VIII B But there are other aspects of the 



analysis which are affected by the change of symplectic structure, and ultimately the predictions of time of detection remain 
unchanged. 

To see this let us focus again on the case in which the "primary", the particle incoming to the emission interaction, is at rest, 
with pi —Q, which also implies that the two outgoing particles of the emission interaction must both be hard. For the worldlines 
involved in the emission interaction this leads to 

xl{s)=xlis)+b^{iq(Sp)„x'^}=x%,)~b\ 



[{s)^x\{s)+b^{{q®p)„x'}=xi{s)-b'-eqoc,x\{s)-b' 



x'l{s)=x%)+b>'{{q®p'®k)^,x"^^x''i{s)-b^~eb^ki, 
x'B{s)=xi{s)+b''{{q(Sp'(Sk)^,x"}^x''A{s)-b^-eqo^x'\{s)-b\ 

Z%s)^Z%s)+b^{iq®p'®k)„z'}^z'i{s)-b\ 

z'Bis)=z\{s)+b^{{q®p'®k)„z'}^z'Ais)-b'-i{p'o+qo)-zi{s)-b' 



(124) 



^'p'o 



To find the time of detection of the particle jc',/?' as seen by Bob, who is at Alice coordinates b^ — (b,b), we exploit the fact 
that, assuming that the particle x\p' crosses Bob spatial origin at s = si. 



x'a{si) =x'g{si)+b^ — b =b 



from which, using the equations of motion ( 123| l, rewritten for the particle x',p' as seen by Alice, it follows that 



x\{si) =xa{si) (l- Vi) ^b-ibp\ 



(125) 



(126) 



Using again the equations of motion (123 1, rewritten for the particle x' .p' as seen by Bob, together with Eq. (124 1, we finally 
find 

tdetecHon^4{s,)^x'^{si)-b''-lb'kx^-ib{ki+p\)=Q. (127) 

So we have no momentum dependence of the times of detection exactly for the choice of boundary terms that also in Sub- 



sect. 



VIII B produced the same momentum independence of times of detection. 



Let us consider now, as in Subsect. |VIIIB| the following alternative choice of 5C's for the boundary terms 

lilf^ = (p e q)^, -{k®p'® q)f, = Pf, -p'^-kf,- ^5^(-po^i + kop'i + fco^i + p'oqi ) , 
5(;|'l = {k®p'® q)^ -{k® p" ®'/)n--p'f, + qn- p'^ - q'^, - i^jX-kop'i -koqi- p'oqi + kop'( + koq\ + pl4x ) 
Focusing again on the worldline x' , p' detected at Bob we now find 



'0, 



{s)^x!l(^s)®\f{(k®p' ®q),,^^}=J\{s)-b'' -tb\,^J\{s)-b\ 
x!\{s)=x\(s)+lf{(k®pi®q)y,J^}^x\{s)~b''~llb''kQ. 



(128) 



(129) 



And from the equation of motion ( 123 i for the particle x! ^p' as seen by Bob, one now deduces that 

■^'^(■s) = ^b{s) - ^^' (^0 - P\ ) , 
which in turn implies that the time of detection at Bob of the particle with worldline x', p' is 

tdeteakm = % (-^ ) = ^^' (^0 ^Pl)^ 2ib^ \p[ \ . 



(130) 



And this once again shows that, in spite of the change of symplectic structure the results of Subsect. VIII B are exactly repro 



duced: we got dependence on momentum of the times of detection given by 2ib^ \p\ \ for exactly the same choice of boundary 



terms that also in Subsect. VIII B produced dependence on momentum of the times of detection given by 2£b^ \p\ \ 
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X. SUMMARY AND OUTLOOK 

The young idea of relative locality of course as a long way to go before taking full shape, but it is encouraging that already 
some aspects of it which might have been naively perceived as unsurmountable challenges actually turned out, upon closer 
inspection, to be manifestations of the internal strength of the logical structure of the relative-locality proposal. A striking ex- 
ample of this is the analysis reported in Ref. 1 20 1, which addressed some potential challenges for the description of macroscopic 
bodies. And we feel that we reported in this manuscript a similar accomplishment, by showing that the complication of the 
nonlinear boundary terms used for enforcing momentum-conservation laws does admit, in spite of its first-look appearance, a 
fully satisfactory relativistic description of distant observers. 

Besides its use for the development of new theories, we should stress in this closing remarks also how awareness of a possible 
relativity of locality can empower certain analyses: the "K-Poincare phase spaces" which were used extensively in our manuscript 
were invented long before the recent conceptualization of relative locality (see, e.g., Ref. |[37H39l ). But the analysis of such K- 
Poincare phase spaces had remained confined for many years at the level of theories of only free particles. No such interacting 
particle theory had been found, and we now understand why: without the awareness of the possibility of a relativity of locality 
one could not have introduced the description of interactions that actually works, which we instead here produced with rather 
little effort. We expect that several such instances may be discovered in future studies, other instances in which an already 
well-known theoretical framework is shown to host relativity of locality, and is then much better understood once the awareness 
of the relativity of locality is exploited. 

The fact we here settled several issues relevant for translational invariance may be an important step forward for relative 
locality, but several other such steps need to be taken. In particular, the description of relative locality for distantly boosted 
observers is at present reasonably well understood only for simple models of relative locality for free particles IfTSHTSl . The 
description of distantly boosted observers within the relative-locality framework for interacting particles of Refs. |[Tl|2l, which 
we here adopted, will probably require facing challenges of similar magnitude to (but different nature from) the ones we studied 
here. 

Of course, of primary importance for the relative-locality framework are its phenomenological consequences, and specifically 
its ability to predict effects that (while surely minute) are within the reach of the sensitivities of ongoing or foreseeable exper- 
imental studies. That such opportunities would be found was already clear on the basis of some of the observations reported 



in Ref. [l], and the results of Ref. |19| connecting nonmetricity to time delays (of the type here considered in Sec. Villi with 



encouraging quantitative estimates already gave additional tangibility to these expectations. In a sort of much-welcome corol- 



lary to our main work on translational invariance for cases with causally connected interactions, we here exposed, in Sec. |Vin| 
first evidence of some striking (minute but "observably large") manifestations of the torsion of momentum space, in a case 
where nonmetricity and torsion are both present (our "K-momentum space"). It is perhaps not surprising that the most striking 
phenomenological consequences of the geometry of momentum space would be found when both nonmetricity and torsion are 
present. This is likely going to be the "closest target" for the phenomenology of relative-locality momentum spaces, and we feel 
that it may therefore deserve priority in future investigations of relative locality. 



NOTE ADDED 

As we were in the final stages of preparation of this manuscript, we became aware of the study reported in Ref BOl . which 



takes as starting point a characterization of the "K-momentum space", just like here in Sections III and IV we got our analysis 
started by a characterization of the "K-momentum space". There are some differences in style and focus, but the characteriza- 
tions of "K-momentum space" given here and in Ref. |40| are fully consistent with one another. The issues for the relativistic 
description of distant observers within the framework of Refs. [1 , 2J, which are the main objective of the study we reported in 
this manuscript, (main results in Sections V|VII|VIIIi, were not considered in Ref. |40|. Instead Ref. |40| investigates certain 



issues relevant for the implementation of K-Poincare boosts in a relative-locality setting of the type advocated in Refs. |[T]|2l. 
We expect that the interplay between the relativistic description of distant observers we provided here and the properties of 
K-Poincare boosts highlighted in Ref. Il40l could make for an entertaining future project. 
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Appendix A: Equations of motion from the action of Subsection | VII C| 

In this appendix we write down explicitly the equations of motion, constraints and boundary conditions that are relevant for 



the discussion given in Subsec. VII C 



saw , „s^^C^„, \ _^^r /o„„_.„2^ 



(Al) 



These are the equations of motion and boundary conditions that follow from the action 

+ rds{fq^~e/qiqo + %a[q])+ f ds {y>iql- lylq\ql + %^a[q']) 

JSQ J Si 

+j"^ds(x'^p'^~i^'p\p',+%,a [p]) +jys{x"^'p\^ix"'p'ip\+%,„a [p"]) 

and one easily finds 



/'a' = ' qp = ^ ■, k^, = , p[, = , p",=0 , q*=0, 

a[p]^o, CkM-o, a[k] = o, a\p']^o, a[p"]=o, a[q*]^o, (A2) 

%f^^o, ^pi=o, ^'''1=0. 



x^^%i^p^+e?/'^^^pij^?/'o%{2po-ipi)~2?/'^%ipi-epopi) , 

^ = ^(^^+^^0^^'^') =K%{2qo~iql)^2?>';%{qi-£qoqi) , (A3) 

..,^^./5|ip^^g,8|p^,A ^^^^^„^2p'^_ep'l2y28';%„{p'l-ep'ip'() , 

r-%^ (^^+^5o^^?t) ^K^^{2ql-tqf)~2^,^.{q\~-£qlq\) . 



It is easy to recognize that these are the same equations of motion that one also obtains from the action 5'^'^' (of Subsec. VII B i, 
up to splitting fictitiously (as suggested by the drawing in Fig. [6]) the worldline y'', q^ into two perfectly-matching pieces of 
worldline, a piece labeled again y'", qij and a piece labeled 3^, q* . 
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Similarly one has that from S"^^^ ' it follows that the conditions at the s ~ sq and s = si boundaries are 



z'M^S^l 



5k, 



-m 



''-^A-%^^'m^^ 



x''[s^) = -^■ 



V /6%^" 



m 



hiC' 



^"(^O-^iu 






;,iU^foi+^5o^roi(/'i+?i) 



5/5;/ 



«i^^'0=^[ii+^^«^['i^^'+^^) 






(A4) 



'%]{p[ + qy)+m\x]i^^ 



^5o^?tl -^f,,,+^5^^[V,?U^8r^[Vi/'o 



V ( "^ I ij^t'^'^ ^*\ —p^' _L^x/'?i ^*_L^x^?i 



5?| 



and these essentially reproduce the boundary conditions obtained from 5'^'^' in Subsec. VII B up to boundary conditions that 
ensure the perfect matching of the two "pieces of worldline" y , q^^ and 3^, q* into a single worldline. 

Appendix B: Translation transformations of the action in Subsection |VII D| 



We here study the effect of our translation transformations, given in ( 98 1, on the action ^(^"'""1 discussed in Subsection VHP 
The action ^(^"'""i includes quite a few terms, and we find it to be convenient to organize them in a way that helps one to keep 

track of all contributions. A useful expedient is to rewrite the integrations concerning finite worldlines, of the kind J^' , splitting 

them into two semi-infinite integrals: 

fSi foo foo 

(Bl) 



(B2) 



'So JSfi J Si 

We can then rewrite our action as a sum of semi-infinite integrals and in particular we can opt for the following form 

c{'iconn) r(3«m«)[.vo] i c{'ico]m)\s\\ , r{^conn)[s2] i r[^conn][s^] 

where in 5^*' we include all semi- infinite integrals with a boundary at 5 = s. 



Using manipulations we already discussed in Subsec. VII B one easily finds that the action for observer Bob can be written as 



S, 



i,conn) ^^(,conn)[.,] ^^(3«»„)[.,] _ ^ ~^^ ^^.^ _ ^^,^^.^ + %C[p]) + j ^^ ds {x'' p'^ - Ix" p\p', + %,, C [p'] ) 

°ds{x"%-ix"'p'lp'^ + %,„C[p"]) 
- r°°ds{fq,^ey'qiqo + %C[q])+ r'"ds{y'^q'^-iy"qWo + %,C[q']) 

J .S3 J .V3 

+ rds{y^%-iyy(4+H,.c[q"]) 

J S3 

- (A^j;, + //')^™ (.0) - {A%^ + b^) ^'^ {si ) - ^[2]^:^'" (^2) - ^m^'^ (*3) 



(B3) 
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where 5^ "'""-^'■^"^ and^^ '^''™•'^*'J are described from Alice's perspective, and we already showed above that the term /^.^°° c/i (£b^^ 'k'( 

can be dropped since it does not contribute to the equations of motion and the boundary conditions. 
Next we can focus on the contributions from integrals with a boundary ats ^ S2, finding that 

^(3connM]^_ f^^^ ^S {^ p,- tx' p,p, + %C[p]) + T ds (x'' p'^- Ix" p\p', + %,, C[p'] 

+ r ds {x^'% - &" V'/;)[; + %," C [/] ) (B4) 

J.V2 

after applying our notion of translation transformation, can be written as 

^{3c(mn)[s2] ^{3conn)[s2] 



f °° ds {-l/p^ - lb' (qi + k'Opo) + [ °°ds {^Ifp'^ - ib" {p'[ + qi+ k'Dp'o) 
+ r°° ds {-l/pl lb' {q, + k'Op'i - Ib'p'.p'l) - A^j- !^P1 (.2) 
^_^(3co„n)[.2] ^ ^ ds^^{b^'4'^ ) - A^j-^] ^Pi (.2) 

ds(^£b'']f\qi+k'l)'^ . 

The last term is again of the type that does not contribute to equations of motion and boundary conditions (once the conservation 
laws are enforced) and can therefore be dropped, while for the contribution 

£"dv^(^:^Pl)-A^|'21^P'C^2)' 
we find that, since A^j'j, = ^'fji^ — ^fjiA ^ —b^', it only produces a boundary term at s = +°o: 

dsj^{v ^pi ) - A^i'^] ^''' - ^ ^''' H - i^%] + ^) ^''' (-^2) = y" '4^^ H , 

and the boundary term at infinity does not contribute to the physics since momenta are not varied at ±00. 
Similarly for contributions to the action by semi-infinite integrals with a boundary at i = sj we have 

^Oconnm ^ j+-^^ ^^.^ ^y ^^ .^ + ^C [<?]) + rds {y'% - ey"q\q'o + %,C[q'] ) 

'ds {y"% If'q'i^^ + %„C [q"] ) (B6) 



which, using again properties of our translation transformations, can be written as 

^i3connm ^^0-™)[3] _ H ds {-b^q, - eb'k'lqo- ib\p',+ p'i)q,) + H ds {-b^q^^- eb\q'l + k'^q'o- ibHp'o+ p'i)q[) 

J S2 J .V3 

ds {-}fcil ^b']<![cil, lb' {p',+pl+q',)q'[) - A^|'3j 1^'^ (.3) 

- j°° ds (ib' 4'h'( + m' ^Pi (p'o + /o')) • 

(B7) 

And again we notice that f^ds (ib'9(Q 'k" + £b'9Q ip'Q+ Pq)) can be dropped since it does not contribute to equations of 
motion and boundary terms, and as before we have that, since ^m,^ == ^nu ^ ^^' 
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i.e. once again the only left-over piece is a boundary term at infinity that can be safely dropped. 

Combining these observations we conclude that both Alice and Bob can use the same action principle to characterize the 



equations of motion and boundary conditions for the chain of interactions we analyzed in Subsec. Vll D 
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